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ABSTRACT
Recent, empirically supported theories of cognition indicate that
human reasoning, including mathematical problem solving, is
based in tacit spatial-temporal simulated action. Implications of
these findings for the philosophy and design of instruction may be
momentous. Here, we build on design-based research efforts
centered on exploring the potential of embodied interaction (EI)
for mathematics learning. We sketch two emerging, reciprocal
contributions: (1) a sociocognitive view on the role of automated
feedback in building the perceptuomotor schemes that undergird
conceptual development; and (2) a heuristic EI design framework.
We ground these ideas in vignettes of children engaging an EI
design for proportion. Increasing ubiquity and access to mobile
devices geared to avail of EI principles suggests the feasibility of
mass-disseminating materials evolving from this line of research.

Categories and Subject Descriptors
H.5.2. [Information Interfaces]: User Interfaces—input devices
and strategies; user-centered design.

Figure 1. The Mathematical Imagery Trainer (“M.I.T.”) in
use by a 5th-grade student during a clinical interview.

General Terms
Design, Human Factors, Theory.

Parallel to the rise in popularity of theories of embodiment is the
dramatic recent progress in technological affordances for
embodied interaction. As we write this manuscript, Nintendo Wii
and Playstation Move players worldwide are waving hand-held
“wands” so as to remote-control virtual tennis rackets; iPhone 4
owners are tilting their devices in order to navigate a virtual ball
through a maze; and Xbox Kinect users are controlling their
video-game avatars with their bare hands—activities until recently
confined to the realms of futuristic fantasy. Moreover, innovative
designers tuned to this progress are constantly devising ways of
hacking commercial cutting-edge motion-sensor technology in
novel ways that prove useful for a diverse audience of researchers
and practitioners (e.g., [31]). As such, media that only recently
appeared as esoteric instructional equipment will imminently be at
the fingertips of billions of prospective learners. Yet, we caution:
What forms should “embodied” learning take? How should we
theorize such learning? And what are best design principles for
creating technologies utilizing these theories?
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1. INTRODUCTION
Over the recent decades, cognitive scientists, psychologists, and
philosophers have begun to increasingly question 20th-Century
symbolic-architecture theories of cognition that model the mind as
an amodal information processor. Alternative “embodied” or
“enactive” theories suggest that sensorimotor interaction in the
natural and sociocultural ecology deeply shapes the mind—even
thinking about “abstract” ideas or concepts is in fact the mental
simulation and coordination of multimodal imagistic schema (for
a recent survey, see [8]). In particular, embodied cognition has
been presented as a useful framework for theorizing processes
inherent to mathematics learning and reasoning (e.g., [2,34,37]).

In the following sections, we discuss embodied interaction (EI) as
bearing unique affordances both for mathematics learning and
research on this learning. We then demonstrate these affordances
by presenting an EI design for proportions (see Figure 1, above)
as well as vignettes from implementing this design. The vignettes
were selected so as to support a sociocognitive view on how
educators can use EI first to foster student development of
perceptuomotor skill and then support conceptual learning as
mathematical re-description of the skill. Finally, we offer an
emerging heuristic design framework for EI mathematics learning.
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2. EMBODIED INTERACTION
2.1 What is Embodied Interaction?

Rather, it has been the longstanding cornerstone of a significant
body of diverse research (e.g., [36]). In terms of its implications
for educational policy, the question of conceptual ontogenesis is
not new either—the issue consistently fuels and is fueled by
heated policy debates over the controversial use of concrete
objects and imagery in mathematics curriculum (e.g., [12,43,45]).
However, there is potential novelty in our approach due to our
technology, methodology, and theoretical concerns. In particular,
prior studies may have been inadequately geared to offer a
comprehensive view of learning, due to their partisan
epistemological commitments and cognitive assumptions.
Namely, few studies on mathematical ontogenesis are dialectical,
in the sense that they model students’ intrinsic cognitive agency in
the social mediation process; few are multimodal, in the sense that
they attend beyond verbal utterance also to action and gesture (but
see, e.g., [20]); so that fewer yet are both dialectical and
multimodal in the sense that they model how individual learners
come to embody, inhabit, and signify mathematical practices
mediated through participation in cognitively demanding social
activity (but see, e.g., in [41]).

EI is a form of technology-supported training activity created,
implemented, and researched by scholars interested in
investigating multimodal learning. Through engaging in EI
activities, users build schematic perceptuomotor structures
consisting of mental connections between, on the one hand,
physical actions they perform as they attempt to solve problems or
respond to cues and, on the other hand, automated sensory
feedback on these actions. One objective of EI design is for users
to develop or enhance targeted schemes that undergird specialized
forms of human practice, such as mathematical reasoning. As is
true of all simulation-based training, EI is particularly powerful
when everyday authentic opportunities to develop the targeted
schemes are too infrequent, complex, expensive, or risky.
Emblematic of EI activities, and what distinguishes EI from
“hands on” educational activities in general, whether involving
concrete or virtual objects, is that EI users’ physical actions are
intrinsic, and not just logistically instrumental, to obtaining
information (cf. [33]). That is, the learner is to some degree
physically immersed in the microworld, so that finger, limb, torso,
or even whole-body movements are not only in the service of
acting upon objects but rather the motions themselves become
part of the perceptuomotor structures learned. If to use David
Kirsh’s taxonomy, all EI gestures constitute epistemic actions,
even if they are initiated as pragmatic actions [26]. In EI, the
learner’s body becomes concrete instructional material. EI is
“hands in.”

EI creates powerful methodology for dialectical investigations of
conceptual ontogenesis. To begin with, by augmenting the
learning environment with computational algorithms and virtual
objects, designers can engineer highly specified perceptuomotor
coupling, such as coupling a precisely executed coordinated
bimanual gesture with “correct”/“incorrect” color feedback, that
are customized to support the instruction of hitherto challenging
mathematical concepts in the spirit of reform-oriented
pedagogical frameworks yet would be impossible or too awkward
to implement using pre-electronic media. Thus, researchers enjoy
opportunities to evaluate the merit of certain pedagogical
frameworks with less implementation “noise.” Moreover, recent
technological advances in remote action now enable net
perceptuomotor training, that is, “au naturel” interaction
unencumbered by mediating instruments or interfaces whose
acquired online operation taxes conceptually irrelevant cognitive
resources. EI thus affords better opportunities to evaluate the
potential of an approach to the design of mathematics learning
materials that attempts to ground conceptual ontogenesis in onsite
developed perceptuomotor competence. Finally, the very specific
perceptuomotor schemes that EI activities foster are probably
peculiar to those settings—we can quite safely trace their origin to
our own design—thus lending greater validity to claims regarding
the effect of particular interventions on learning outcomes. For
example, any valuable mathematical insight that students manifest
in the pedagogical context of stacking wood blocks could not be
traced with confidence to that design alone, because children stack
objects in regular extramural activities; yet these children rarely
move their hands at different yet coordinated velocities, so that a
design supporting this new skill could be implicated as its
probable source. The singularity of EI design may thus enable a
comparatively uncontaminated tracking of ontogenesis.

2.2 EI in Mathematics-Education Research
EI activities typically emphasize explorative perceptuomotor tasks
and draw less on propositional or domain-specific reasoning (e.g.,
[6]). Notwithstanding, EI activities may include standard
symbolic elements, such as alphanumeric notation, diagrams, and
graphs [14,35]. Indeed, content-oriented EI activities are often
designed explicitly to foster the guided emergence of domainspecific conceptual structures from initially “domain-general,”
“domain-neutral,” or “domain-free,” perceptuomotor schemes.
As such, documented examples of EI conceptual learning based
on domain-neutral action should be of interest to scholars who are
developing models of learning informed by both cognitive and
sociocultural theory, because these data bring out in relief
mediation practices for the cultural signification of schematic
action. In particular, we are interested in theorizing how social
interactions steer learners to leverage perceptuomotor competence
in the appropriation of mathematical forms of reasoning. Because
our research is cast specifically within educational contexts of
practice, including artifact design and actual teaching, we ask:
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What are productive EI design principles? Given that
computational environments enable designers to couple
literally any physical action with any sensory feedback (even
if this coupling is ecologically/ergonomically atypical),
which specific couplings support the learning of particular
targeted concepts?

In sum, the manifold roots of EI in scholarly exposition have
converged and grown to a tipping point where, coupled with
recent technological advances, EI stands to become a focus of
design for, and research on mathematical learning. As designbased researchers of mathematical cognition and instruction, we
consider EI activities useful empirical settings for research on the
ontogenesis of mathematical concepts. These immersive activities
create tension between unreflective orientation in a multimodal
instrumented space, such as riding a bicycle or playing pong, and
reflective mastery over the symbol-based re-description of this
acquired competence, such as in mathematical numerical forms.

What are the instructor’s roles in orchestrating learners’
development of perceptuomotor skill and subsequent
mathematical signification of this skill with symbolic
apparati?

At its broadest, then, we are concerned with the general research
problem of conceptual ontogenesis—how individuals develop
higher-order ideas. This problem is of course by no means new.
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a.

b.

Figure 2. The MIT in use. A 5th-grade study participant “searches for green” by manipulating two crosshairs. Unknown to her, the
screen will be green only if her hands’ respective heights over the desk are at a 1:2 ratio. Having moved her left hand too high (see
red screen in Figure 2a), she lowers it to effect a green screen (Figure 2b). See www.tinyurl.com/edrl-mit for a video clip.

3. DESIGN

One of our objectives in this paper is to offer some tentative
dialectical reflections on conceptual ontogenesis—what it is
grounded in and how it can be fostered. These reflections draw on
our recent study, in which we investigated an instructional
methodology for scaffolding the emergence of proportional
reasoning from EI problem-solving activities of our design. Our
analyses implicate the vital role of mathematical symbolic
inscriptions, such as a virtual grid and numerals, as the means by
which students re-describe their entrained perceptuomotor
enactment in disciplinary form (cf. [25]). Indeed, these redescriptions can take surprising, and pedagogically useful
directions as students discover better ways of using the symbolic
artifacts to enact, explain, or evaluate their task strategy. As such,
we see our work as expanding on neo-Vygotskian
conceptualizations of appropriation (e.g., [9,42]) by implicating
learners’ creative reappropriation of symbolic artifacts in ways
that are not mediated by the instructor yet are nonetheless
discovered in the discursive context as the artifacts’ task-specific
new semiotic–enactive affordances. At the same time, as
reflective designers who believe that constructs, insights, and
heuristics should guide, emerge from, and apply beyond the
particularity of specific artifacts, we hope with this work mainly
to contribute to the theory and practice of EI-based mathematics
instruction, which we view as bearing great promise.

a.

Our design conjecture, which built on the embodied approach
discussed above [8,27,34,37], was that some mathematical
concepts are difficult to learn because mundane life does not
occasion opportunities to embody and rehearse the dynamic
schemes that would form the requisite cognitive substrate for
meaningfully appropriating the relevant disciplinary analysis of
situated phenomena. Specifically, we conjectured that students’
canonically incorrect solutions for rational-number problems—
“fixed difference” solutions (e.g., "2/3 = 4/5" – see [29])—
indicate students’ lack of multimodal action images to ground
proportion-related concepts [38].
Accordingly, we engineered an EI computer-supported inquiry
activity for students to discover, rehearse, and thus embody
presymbolic dynamics pertaining to proportional transformation.
At the center of our instructional design is the Mathematical
Imagery Trainer (MIT; see Figure 2, above, and Figure 3, below;
for detailed descriptions of the MIT’s technical properties see
[23]; see also http://www.youtube.com/watch?v=n9xVC76PlWc).
The MIT measures the heights of the users’ hands above the desk.
When these heights (e.g., 10" & 20") match the unknown ratio set
on the interviewer’s console (e.g., 1:2), the screen is green. So if
the user then raises her hands in front of this “mystery device” by
proportionate increments (e.g., by 5" and 10" to 15" & 30", thus

b.

c.

d.

Figure 3. An example of the MIT at continuous-space mode with crosshairs and at a 1:2 ratio. A student exhibits: (a) incorrect
performance; (b) almost correct performance; (c) correct performance; (d) another instance of correct performance.
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maintaining a 1:2 ratio), the screen will remain green but will
otherwise turn red (cf. raising to 15" & 25" by a equal increments
of 5"). Study participants were tasked to maintain green while
moving their hands. In a sense, the MIT offers students a presymbolic “What’s-My-Rule?” math game. The protocol included
gradual layering of supplementary mathematical instruments onto
this microworld, such as a Cartesian grid (see below).

4.1 General Findings

Participants included 22 students from a private K–8 suburban
school in the greater San Francisco (33% on financial aid; 10%
minority students). Care was taken to include students of both
genders from low-, middle-, and high-achieving groups as ranked
by their teachers. Students participated either individually or
paired in semi-structured clinical interviews (duration mean 70
min.; SD 20 min.).

The following sequence of insights into problem-solving the MIT
compiles our observations based on close analysis of the video
data from all study participants’ interactions (note the gradual
transition from qualitative to quantitative assertions, in accord
with the introduction of the various mathematical instruments):
a.

The actions of both hands are necessary to achieve green.

Interviews consisted primarily of working with the MIT. At first,
the condition for green was set as a 1:2 ratio, and no feedback
other than the background color was given (see Figure 4a; this
challenging condition was used only in the last six interviews;
subsequent ratios used were 1:3 and 2:3). Then, crosshairs were
introduced that “mirrored” the location of participants’ hands (see
Figure 4b). Next, a grid was overlain on the display monitor to
help students plan, execute, and interpret their manipulations and,
so doing, begin to articulate quantitative verbal assertions (see
Figure 4c). In time, the numerical labels “1, 2, 3,…” were overlain
on the grid’s vertical axis to help students construct further
meanings by more readily recruiting arithmetic knowledge and
skills and more efficiently offloading and distributing the
problem-solving task (see Figure 4d). Inspired by the notion of a
reflective practitioner [7], the protocol continually encouraged
students to reflect on their actions so as to gain deeper insights.

b.

Green is achieved by positioning the hands at particular
stable locations.

c.

The critical quality for achieving green is a type of relation
between the hands’ respective positions.

d.

These positions should be reinterpreted as magnitudes—the
objects’ heights above a common base line.

e.

The distance between the hands in correct pairs should not be
constant—it will change between correct pairs.

f.

This distance should increase as the pair’s height increases
(and vice versa).

g.

Moving from one correct position to another can be achieved
by increasing the hands’ heights differentially, for example,
for every 2 units the left hand rises, the right hand should rise
3 units (or the distance between the hands should grow by 1
unit)—a recursive rule for iterated transition.

h.

The multiplicative relation within each pair—for example at
4 and 6 units the right hand is 1.5 times higher than the left
hand—is also a constant.

i.

one and the same number pair (e.g., 2 & 3) expresses three
aspects of the interaction: for example 2 and 3 units are the
lowest correct integer pair of heights, raising the left hand by
2 units for every 3 raised by the right hand will result in
another correct location, and 2/3 or 3/2 is the constant
within-pair multiplicative relation; and

j.

when we transition from one green position to the next using
the recursive rule (see Item g., above), each hand “skip
counts” by a constant number, such as 2, 4, 6, 8 on the left
vis-à-vis 3, 6, 9, 12 on the right.

Each student began either by working with only one hand at a
time, waving both hands up and down in opposite directions, or
lifting both hands up at the same pace, possibly in abrupt gestures.
They soon realized that the actions of both hands are necessary to
achieve green and that the vertical distance between their hands
was critical, although at first they viewed it as a fixed distance.

4. RESULTS
All students succeeded in devising and articulating strategies for
making the screen green, and these strategies were aligned with
the mathematical content of proportionality and thus created
pedagogical opportunities to support student learning of these
targeted concepts. We observed some minor variation in
individual participants’ initial interpretation of the task as well as
consequent variation in their subsequent trajectory through the
protocol. However, by and large the students progressed through
similar problem-solving stages, with the more mathematically
competent students generating more strategies and coordinating
more among quantitative properties, relations, and patterns they
noticed.

a.

b.

c.

d.

Figure 4. Four display configurations: (a) continuous-space mode; (b) continuous-space mode with crosshairs; (c) crosshairs with
grid overlay; (d) crosshairs with grid overlay and y-axis numerals. An additional configuration, a ratio table, is not shown here.
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[21:46] Liat: Oh maybe—it’s more—if it’s farther up, then it has
to be—they have to be more apart.

Along the way, a number of students also realized that there are
infinitely many hand-position pairs, so that in fact one can
simultaneously raise both hands, thus reinterpreting the solution as
two hands moving at different speeds that could be characterized
as, for example, 2 and 3 units per second or beat. One participant
said that the right hand is moving double as fast as the left hand.
So doing, the students completed a U-shaped developmental
trajectory [46], because they were once again moving their hands
in continuous space but now with the new articulated knowledge
developed through working with the grid.

Whereas most students initially located specific hand positions as
stably producing green, several students also realized that there
are infinitely many “green” hand-position pairs, so that in fact one
can simultaneously raise both hands each in its respective
continuous trajectory and constant pace, a realization that some
students articulated in terms of the hands moving at different
speeds. For example, Penuel used the differing rates of his hand
motions to deduce that a fixed-distance rule could not be correct
and that, instead, the distance must vary with the hands’ height.

4.2 Excerpts From an Empirical Pilot Study

[33:20] Penuel: I think the right hand has to move faster, while the
left hand is kind of moving slower.

The following data excerpts will sketch a sociocognitive view on
how we used this EI design to both foster student development of
perceptuomotor skill centered on “green” feedback and then
leverage this skill to mediate conceptual learning as mathematical
re-descriptions of the skill.

[33:41] Int: So what’s going on?
[33:44] Penuel: Well, they obviously can’t be at the same
distance. But if I start here, and if the right one is moving, like a
little faster, and it’s going farther and farther away from the left
hand, it will still stay green.

We begin with a student, Penuel, who took longer than others in
realizing that the relation between the hands’ respective positions
is a critical task-relevant quality.

Another student, Siena, went on to formalize a rule both in terms
of continuity and rate.

[15:32] Penuel: So it looks like... they have to be a certain
distance away from each other for it to turn green.

[15:13] Siena: Make the right hand go a little bit faster but... but
let them both be at their own continuous pace.

[15:37] Penuel: And if it’s not a certain distance, it’s not green,
it’s yellow or red.

Eventually, the introduction of the grid and numerals shifted most
students’ attention to the ratio between the hands’ heights above
the desk. Some students, like the pair Kaylen and Asa who were
working with a 1:2 ratio, discovered and articulated a
multiplicative relation for the heights.

Penuel then identified that the hands’ positions in space should be
reinterpreted as magnitudes, i.e., where each hand is is how high
that hand is above the desk.
[15:54] Interviewer (hence “Int.”): Can you say anything more
about the distance you’re looking for?

[30:41] Kaylen: Maybe it has to be double the number.

[16:00] Penuel: I think it depends how far... how far they are from
the ground.

[30:44] Asa: Hmm, that’s very possible. I’m going to be at “1”...
you’re going to be at “2”. And then I’ll be at “2”, and you’ll be at
“4”. And now I’m going to be at “3”...

Other students, such as Irit, soon realized that the fixed-distance
rule was incorrect and articulated a different-distance rule.

[30:58] Kaylen: I’ll be at “6”.

[09:26] Irit: Well, they are same distance, but like, away from
each other.

[31:38] Asa: You’re totally right!

[09:36] Irit: They’re still the same distance away from each other,
but they’re just lower down here.

[31:40] Asa: Uhm, the number has to be double.

[31:39] Int: What is he right about? What is it?

Over the course of the interview, Asa and Kaylen recast the rule
“the higher on the screen, the bigger the distance” in terms of
covariation between absolute heights, that is, “for every 1 on the
left, it’s 2 on the right.” Ultimately, they were able to smoothly
navigate between the additive strategy “add 1 to the left, add 2 to
the right” and multiplicative strategy “right is double the value of
left”—arguably a challenging task. Whereas not all students
achieved this level of mathematical sophistication in their
interpretation of the green feedback, every student achieved a
nontrivial level of understanding that emerged from considering
common quantitative properties of all “green” hand-pair locations.

[09:45] Int: Huh… so what happens to the distance?
[09:52] Irit: Well… Oh! No, it gets shorter if you go down more,
and then it gets tall… longer if you go up.
Along this same learning trajectory, another student, Liat,
exhibited a telltale indication of conceptual development: a
mismatch between her gestured actions and her verbal explanation
[4,13]. She would raise her hands up in a fixed-distance motion
followed by very small correcting motions whenever she saw
yellow, thus re-making the screen green, but then she articulated
her strategy as purely fixed-distance and could not say more.

We conclude this section by returning to Penuel, who initially
struggled to articulate even an amathematical rule for what hand
positions enacted green.

[20:17] Liat: I think if I keep them apart and keep going up – it
stays the same...
[20:23] Int: If you keep them apart and you keep going up it stays
the same?

[44:06] Int: Can you summarize for us everything you know about
this… thing… green?

[20:31] Liat: It’s not becoming red, but...

[44:28] Penuel: You start from the ground [indicates desk], you
try to get to the first green… you have to have one… left hand on
1, right hand on 2. Exactly…. start from there, keep doubling it.

[20:36] Int: So... how are you thinking about keeping them apart?
What is it that you are doing?
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that Penuel was not prompted to summarize his understanding of
green in mathematical terms, yet his answer was essentially
mathematical. In brief, for our subjects, the situated ascension
from physical to grounded-mathematical was natural rather than
artificial, a promising note for similar future designs.

By phenomenalizing proportion into an interactive mystery
device, we rendered mathematics learning similar to empirical
scientific inquiry. That is, in order to make the screen green,
students needed to figure out empirically the principles that
governed their experience with this interactive phenomenon. Such
phenomenalization of a mathematical concept into an interactive
device is of benefit to researchers as well as teachers, because
students’ attempts to figure out this mystery device are physical
and thus rendered manifest for scrutiny and response. Namely,
rather than relying only on conjectures as to students’ cognitive
processes underlying their numerical responses to numerical
items, in EI designs we are able to observe nuanced aspects of
students’ reasoning as they enfold and thus offer cogent formative
assessment in real time.

Moreover, we were struck by learners’ capacity to strategically reappropriate available mathematical instruments in ways that had
not been modeled for them yet boosted their conceptual practice.
We have named this behavioral pattern “hook and shift,” because
the learners first adopt the artifacts to serve the enaction,
explanation, or evaluation of a current strategy yet through doing
so they stumble upon the artifacts’ embedded affordances that
become revealed only through engaging them, so that the students
reconfigure their strategy is ways that co-opt these powerful
affordances (see [3]). For example, note the vignettes of students
who, through engaging the grid, shifted from a “the higher, the
bigger” strategy to a “for every 1 on the left, it’s 2 on the right.”
Our observations on the apparent pedagogical utility of
presymbolic mathematical reasoning resonate well with the
central conjectures of embodied cognition. Namely, we maintain,
EI creates arenas for body-based mediation of qualitative
mathematical notions. As the students engage in problem-solving
our MIT mystery device, their physical actions inscribe a
“choreographed” form with increasing deftness. Whereas the
student views these forms as physical solution procedures, the
educator—who views the forms from the vantage point of an
expert’s disciplinary perspective—conceptualizes these forms as
multimodal image schema underlying students’ prospective
cognition of the target concept. Using representational resources
and discursive guidance, the instructor then steers students to
progressively signify these image schema into what become
concept images of the emerging mathematical ideas. That is, even
as the gestured forms lend meaning to mathematical propositions,
they take on the epistemological role of these emerging notions’
metaphorical simulations (concept-specific “math kata,” if you
will). In practice, the mathematical concept emerges when
students utilize new mathematical symbolic artifacts, which the
instructor introduces into the problem-solving space (e.g., the
grid), as means of enacting, explaining, enhancing, and/or
evaluating their solution procedure. So doing, students utilize
these new forms as discursive–semeiotic means of articulating
their physical solution procedures, first multimodally (verbally
and gesturally) and then also symbolically (by using numerical
signs). Our design rationale conceptualizes these articulations, and
in particular the discovery of rules that capture the mechanism’s
behavior, as expressing the topic’s core conceptual principles.
Initially, these articulations may be naïve, qualitative, and
presymbolic, but they progressively adhere to mathematical forms
and norms.

Our research project consists of developing and evaluating these
instructional media and reporting on emerging insight into the
nature of the learning they afford. In this paper, in particular, we
have presented a use of EI as a support for mathematics
instruction on the concept of proportion and offered general
characterizations of learning trajectories as well as brief vignettes
from an implementation of this design. The vignettes centered on
the evolution of users’ subjective meaning for the automated
feedback and, in particular, the role of perceptuomotor
performance as a vehicle or platform for the mediation of
conceptual development. From our methodologically privileged
position as both the designers and researchers of the Mathematical
Imagery Trainer, we propose the following meta-analysis of the
role of embodied-interaction automated feedback.
EI automated feedback (such as “green” in our design) evolved in
the functional and cognitive roles it played. That is, green: (a)
began as the task objective; (b) soon became the perceptuomotor
feedback, as the users attempted to complete the task objective;
and (c) came to hold together a set of otherwise unrelated handlocation pairs sharing a common effect and begging a name.
Feedback on perceptuomotor performance thus came to demarcate
the set of “green” number pairs as all belonging to an emerging
ontology. So whereas Penuel, in the final excerpt above, referred
to “green” when prompted by the interviewer, it is clear from his
response that he has populated the notion of green with
appropriate mathematical machinery needed to explain and
predict “green.”
In this sense, green functioned as more than an objective or
feedback—it served as an ontological scaffold or conceptual
placeholder. Ultimately, the scaffold collapses, or the placeholder
is filled, once users determine the activity’s mathematical rule and
recognize its power for anticipating, recording, and
communicating the MIT’s solution procedure. As one child
gleefully quipped, upon determining the multiplicative relation of
a mystery ratio, “I hacked the system!”

5.2 Unique Features of Embodied Interaction
Our data suggest that participants struggled productively with the
core learning challenges of the targeted conceptual content, even
before they recognized or articulated their work as mathematical.
EI hands-in activity can be likened to an electronic augmentation
of hands-on activities with concrete materials. That is, just as
children learn to count by enumerating sets of concrete objects
and eventually understanding that the last number uttered is the
set’s cardinality, so MIT users learn the fundamental imagistic
aspects of proportionality, and more broadly multiplicative
constructs, by initially interacting naively with the device but then
articulating their strategies using mathematical semiotic registers.

It is thus valuable to note that virtually all the students in our
interview, regardless of how quick (or not) they were to articulate
various mathematical and amathematical properties of actions that
effect green, generated and recognized the usefulness of
mathematics in this practice. That is, once the students, prompted
by the interviewers, began using terms, phrases, and linguistic
structures such as “for every 2 blocks I move up on this
side…etc.,” they uniformly did not revert to previous,
amathematical descriptions of these activities. To illustrate, note
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Thus, whereas only a future rigorous comparison study could
substantiate our tentative characterization of EI, the following
points capture our current sense of its pedagogical advantages,
some of which overlap with more traditional interaction design.
Namely, students who study mathematical content through
engaging in EI problem-solving activities such as with the MIT:
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Students’ physical solution procedure has to inscribe an
image schema of the targeted mathematical notion.



The inquiry should be self-adaptive, not prescriptive, so that
each child can gather the data they need when they need it.



The student should be able to move back and forth between
embodied and symbolic control operations.



The student should be supported in evoking and coordinating
among various meanings emerging from the activity by
articulating the different strategies they discover and
explicating relations among them.



develop and rehearse a multimodal image schema supporting
an understanding of mathematical content—if they began
working directly with numerals, they might rely too
powerfully or even exclusively on numerical schemas and
altogether ignore kinesthetic resources and challenges;



struggle with core learning issues of target content, even
though and perhaps because there are no symbols;

Students participating in learning activities based on this
framework experience the following phases. Namely, students:



experience cognitive conflict as they bring to bear robust
schemas yet witness as these schemas fail to effect solutions
for the problem at hand (the schemas do not enable
completion of the task objective);



engage in a non-symbolic artifact-mediated control task
consisting of tight sensorimotor coupling between
manipulation input (action) and systematic feedback
(perception)



generate and experience an invariant rule, e.g., of a
covariation function, even before the rule has been
mathematized (e.g., proportion is recognized prior to ratio);



achieve an adequate level of mastery over the interaction
task, possibly but not necessarily through discovering,
developing, and rehearsing an explicit strategy;



enjoy close coupling between the embodied affordances of
the device and core elements of the target concept (e.g.,
learners work bimanually and simultaneously—affordances
that fit well with proportional progression, as compared to
inscribing sequential symbolical prepositions);



articulate the strategy (a representational task);



elaborate and enhance the strategy using disciplinary analysis
instruments introduced into the interaction space (the
“hook”);



evaluate that the newly instrumented articulation guides
performance that is still consistent with the activity’s task
demand, even if the strategic means of accomplishing the
task have thus changed (the “shift”);



appropriate the mathematical forms as superior means of
performance and expression; and



instrument oneself with a new conceptual system that is the
pedagogical objective of the instructional interaction, i.e.
experience and reflect on the birth of a new ontology.



evoke a variety of strategies and meanings that all pertain to
the same gesture referent, albeit the gesture is executed and
interpreted differently by the student per each of these
complementary frames;



coordinate among these various strategy-meanings;



iteratively recalibrate the meaning of the automated response
stimulus from objective, to feedback, to conceptual scaffold
that fades once the strategy is mathematized; and



develop concepts as mathematized strategies.

5.4 EI as an Agent of Restructuration

With respect particularly to covariation concepts, the MIT
demonstrates a new type of EI design, in which the mystery
function is enacted as a dynamical gestalt even before it is parsed,
decomposed, and articulated into its x and f(x) components. In
particular, the MIT offers students a sense of proportion before a
meaning of ratio (i.e., green is a technologically contrived
“product of measure” for the bimanual “isomorphism of
measure,” see [48]). As such, the MIT created empirical context
to evaluate the prospects of teaching proportion before ratio [1].

The gradual advent of EI into mainstream mathematics-education
research and practice can be seen from a broader perspective.
Namely, new technological forms for enacting cultural practice
bear the capacity to “restructurate” a domain—to fundamentally
remodel how we perceive, use, and navigate in/with a body of
knowledge by altering its semiotic register. Restructuration bears
the capacity to increase fluency, deepen understanding, and
ultimately—as production prices plummet—democratize access
[10,11,49]. In particular, even more so than “hands on”
microworlds (e.g., [19,24,44]), well-designed EI-enabled “hands
in” perceptuomotor exploration is ideally unencumbered by
conceptually peripheral constraints of manipulation and
typography inherent to traditional media and inscriptional
systems. Thus, as the body settles into its skillful invisibility [18],
more cognitive resources should become available for tinkering
creatively in the embodied microworld, by which the body
instruments itself into a disciplinary domain of practice.

5.3 Toward an EI Design Framework
Emerging from our research is the following empirically grounded
heuristic design framework for EI mathematics problem-solving
learning activities. We produce it here in the hope of benefiting
the community by sharing the principles we found valuable:


The designer selects/engineers a learning environment that
includes a device linking simple coordinated actions
(remotely) to generic (virtually) displayed objects.



The designer plans and implements progressivemathematization supports in the form of layerable/removable
symbolic artifacts.



Students’ physical action should not only enable the
gathering of data but actually constitute an integral
component of the data. Moreover,

Yet restructurations of content may bear implications for
restructuring theoretical models pertaining to this and other
content learning. Specifically, whereas the hook-and-shift
construct appears to agree with views of learning as discovery
[22] or creativity [7], our evidence of unmediated creative
discovery complements sociocultural conceptualizations of
learning as imitation, apprenticeship, or legitimate peripheral
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excitement with EI and offer some early observations and caveats.
Yet, as often occurs at the moment of the meeting of new media,
we learn as much about pan-media practice as about the new
media per se. As such, the ontological innovations [16] we have
stumbled upon through our EI design-based research, such as
“hook and shift,” appear to bear more generally on how people do
and could learn with a range of traditional and electronic media.

participation [30,32,40]. We thus anticipate that EI design stands
to play a pivotal role in creating productive arenas for
“dialectical” empirical research that strives to draw on both
cognitive and sociocultural theory so as to build coherent models
of conceptual ontogenesis in the interactive milieu (cf. [15]).
Finally, the analytic orientation exemplified above suggests an
intriguing line of research that we view as bearing great potential,
namely conceptualizing how master mathematics teachers steer
student engagement in activities centered on the mediated
performance of physical actions. The ultimate goal of this line of
research would be to develop an embodied-cognition model of
grounded mathematics instruction. Yet this line of research could
look to diverse cultural–historical forms of physical performance,
such as music, dance, and the martial arts as research entries into
traditional and indigenous pedagogical acumen. The skills
inherent to these cultural practices might, at first blush, be viewed
as aconceptual and, as such, hardly bearing on mathematical
reasoning and learning. However, the recent theorization of
mathematical cognition as grounded in multimodal, spatial–
temporal imagistic simulations suggests that the phenomenology
of mathematical reasoning draws on the same perceptuomotor
resources as do human practices with manifest external physical
production. From this perspective, mathematical concepts are
articulated reifications of emergent embodied notions in
conventional semiotic forms (see [39]) whose cultural mediation
is enabled by shared biology and available artifacts [37].
Moreover, an implication of simulated multimodal action as the
implicit underpinnings of mathematical cognition should
encourage us to look closer at the pedagogical role of nonpropositional information in educational exchanges (e.g., [5]).
There, and not in rote procedures for symbol manipulation, may
lie the heart of the matter that students and researchers alike have
been groping for.

We are currently broadening the scope of mathematical concepts
supported by MIT activities, beginning with other covariation
functions. We envision the design principle of fostering imagistic
schemas as far-reaching, spanning a gamut of school mathematics
content from arithmetic operations through to calculus. While our
work is in its early stages, we hope to have conveyed some of our
enthusiasm over EI’s unique instructional and theoretical
affordances. Our future work will continue to seek improvements
in both theory and design, availing of recent hands-free EI
development.
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