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Theoretical Lens: Complex 
Dynamical Systems 

• Cognition formed by complex 
interactions within and between 
body and environment

(Richardson & Chemero, 2014; Thelen & Smith, 1994)

• Emergence and evolution of 
coordination is modeled in terms 
of phase transitions between 
functionally adaptive states 

(Kelso, 1995)



Research Context: The 
Mathematics Imagery Trainer for 
Proportion

Movement-based, 
discovery-learning math 
tablet activity

Designed to ground 
proportional reasoning 

Participants manipulate 
red bars with their fingers 
to try to (1) make them 
green, and (2) maintain 
them green while moving 
them. 

The bars turn green when 
the right hand is at twice 
the height of the left (1:2 
ratio) 

Instantiation of embodied 
design (Abrahamson et 
al., 2020): based on theory 
that concepts emerge from 
perceptually guided action 



Method: Recurrence 
Quantification Analysis 
(RQA) 

• We used cross-RQA, which reflects 
coupling between two systems
(here, height of right- and left-hand 
bars) 

• Cross-RQA constructs a recurrence 
plot comparing every state of a 
system with every state of another 
(see example left) (Marwan et al., 2007) 

• RQA metrics quantify features of the 
recurrence plot (e.g. Meanline is the 
mean length of diagonal lines, a 
proxy for stability) 



Research Question: 
How does the stability of hand 

coordination dynamics evolve as fluency 
increases in a math embodied-design 

learning task? 



Results: 
RQA Meanline by 
Phase 

Boxplot displays mean 
and standard deviation 
(whiskers: 3SDs)

*  Statistically significant 
at the p < 0.05 level. 

** statistically significant 
at the p < 0.01 level 

**

* We split data according to key breakthroughs in the activity as follows: Exploration: activity prior to Discovery. Discovery: participant made green for at least 10 of 20 
seconds. Fluency: participant moved both hands together in green at 80+% of their personal best   



Case Study RQA Plots for Contrasting Participants
Low fluency 

attained
(did not exhibit 
phase markers) 

High fluency attained 
(typical triphasic pattern) 

*



Contrasting RQA 
Metric Evolution

• The RQA meanline metric (pictured below) captures the 
stability of coupling between the two hands 

• Non-solver participant (left) showed a decrease in meanline
• Prototypical participant (right) showed an increase in 

meanline just prior to moving fluently in green 



Towards a Complex Dynamical Systems 
View of Mathematics Learning
• The abrupt change in bimanual coordination dynamics 

associated with the onset of moving fluently in green suggests 
that embodied learning might exhibit the coordination 
dynamics phenomenon of phase transition whereby a 
dynamical system de- and re-stabilizes abruptly into a new 
organization. 
• The Mathematics Imagery Trainer appears to constitute a field 

of promoted action (Reed & Bril, 1996) for the transition into a new 
conceptually-salient ways of moving.



Next Steps: 
Gaze Dynamics 
and Intermodality

Following this project, we 
have analyzed how 
learners’ gaze dynamics 
develop as they discover 
the solution to this 
movement-based math 
problem, as well as the 
relationship between 
dynamics in the hand 
movement and eye 
movement modalities.  
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