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Understanding Ratio and
Proportion as an Example

of the Apprehending Zone
and Conceptual-Phase

Problem-Solving Models

Karen C. Fuson
Dor Abrahamson

Learning mathematics requires learning to use culturally specific mathematical language,
formats, and methods (math tools). To use these math tools effectively in a problem situation,
one must learn to identify the mathematical elements of that problem situation; i.e., one must
learn to mathematize. In traditional approaches to mathematics learning, these aspects are
often separated, with problem solving following learning about mathematical tools. We present
in this chapter a model for learning mathematics with understanding that highlights the kinds
of connections that can facilitate sense-making by the learner. We exemplify this model with a
new approach to the learning of ratio and proportion. This approach addresses two major
learning difficulties in this domain (e.g., Behr, Harel, Post, & Lesh, 1993; Harel & Confrey,
1994; Kaput & West, 1994; Lamon, 1999). First, students typically use additive rather than
multiplicative solution methods (e.g., to solve 6:14 = ?:35, they find the difference between 6
and 14 and subtract it from 35 to find 27:35 rather than seek multiplicative relationships).
Second, they have difficulty moving from easy problems that use the basic ratio (e.g., 3:7 =
?:14) to middle-difficulty nondivisible problems in which neither ratio is a multiple of the other
(e.g., 6:14 = ?:35).

The two models of learning and teaching mathematics introduced here seek to enlarge our
view of mathematical cognition by examining such cognition in process during teaching and
learning. It is conceptually and methodologically difficult to capture such rich thick data, but
our models are intended to serve as lenses to focus on certain central elements of such
teaching and learning. We also introduce a new methodological tool for data organization and
presentation, our transcliptions. These give the reader brief views of interactions in our classrooms
via tables focused on the learning issues we identified in the domain of ratio and proportion.
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The short length of this chapter prevents us from discussing the models, the ratio and proportion
design, or the empirical results in any detail, but we provide references for more details in
other papers.

THE APPREHENDING ZONE MODEL

Our Apprehending Zone (AZ) Model focuses attention on several aspects of teaching and learning.
The first is relationships between the mathematical tools educational designers plan for stu-
dents to use, how these tools are used in the classroom, and the conceptual schemes students
develop (these are shown rising vertically in Figure 13.1). The design researcher’s understand-
ings of a conceptual domain become manifested in the Design Space as domain tools and
activities that are designed (Figure 13.1, bottom) and then become part of students’ under-
standing through their participation in the classroom interactions using the Classroom Action
Tools (Figure 13.1, center), so that students come to share close-enough taken-as-shared math-
ematical interpretations of the domain tools in their own individual Internalized Space (Figure
13.1, top). A second aspect of the model is how students learn classroom-shared domain-
specific body-based dynamic mathematical images (see Figure 13.1) through interacting with
and communicating about the math tools. We combine Piagetian and Vygotskiian theoretical
constructs in this model of how design research–based tools and materials are taught and
learned in a constructivist social—cultural classroom. We intend both meanings of apprehending
(holding and understanding) to highlight the crucial links between body-based perceptual
actions (seeing, hearing, speaking, body sensing, and gesturing) and conceptual actions (a
Piagetian perspective). The Apprehending Zone includes each student’s peri-personal space (the
space around a student within which the student can reach) and the classroom communicative
social space within which students operate by externalizing–internalizing actions, words, in-
scriptions, and visual structures (a Vygotskiian perspective).

A third aspect of the model is how a teacher creates a classroom learning zone of focus,
engagement, and participation by leading students’ attention to critical mathematical ele-
ments and by continually helping students to make three kinds of crucial links. The first is
conceptual links among the domain math formats (shown on the right center in Figure 13.1).
The second is conceptual links among the real-world situations that can be recorded in and
solved by the domain math formats (shown on the left center in Figure 13.1). The third is links
across problem situations and math tools by mathematizing the problem situations and by
storyizing the mathematical tools (shown in the arrows across the center of Figure 13.1). In
making these links, and in understanding the situations and the math formats, the teacher
and all student participants use body focusing, indicating acts, and gestures to lead their own
attention and that of others in the class who may be watching or listening to them. Thus, the
Apprehending Zone Model focuses on the time–space of problem-solving activity and cultural
communicating.

The Apprehending Zone Model foregrounds the agency of student body and sensory percep-
tion in assimilating and linking mathematical formats, situational attributes, and relations
among all of these. In our design research classrooms, teachers taught and students learned
ratio and proportion by tacitly internalizing—externalizing dynamic visuo/body-sensed sche-
matic images that systematically linked the word-problem situations with the spatial—numeri-
cal mathematical formats and solution methods (see Abrahamson, 2004a, for an analysis of the
roles of gesturing in our classrooms). These visual and body-based images constructed and
mediated the classroom semiotic network (Greeno, 1998) of ratio and proportion by linking the
various row and column formats, by linking problem situation texts and the math tools through
mathematizing and storyizing, and by linking students’ developing interpretations of the do-
main tools with those of their peers and their teacher. The body-based structures of proportion
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Figure 13.1.Figure 13.1.Figure 13.1.Figure 13.1.Figure 13.1. The body-based teaching–learning Apprehending Zone Model: The time–space
of problem and cultural communicating.

became a classroom taken-as-shared artifact or grammar of space–time (Urton, 1997) linked to
real-world proportional situations and to the various column forms of the a:b format. These
attentional and gestural links became generative mathematical activity tools, or what Stetsenko
(2002) calls “crystallized templates of action” (p. 129; see also Barsalou, 1999, p. 599, on
shared embodiment). Examples of all three of these crucial kinds of linking during classroom
discourse will be given after the ratio and proportion design is described.
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THE CONCEPTUAL PHASE PROBLEM-SOLVING MODEL

Our Conceptual Phase Problem-Solving Model (see Figure 13.2) describes phases in the recipro-
cal meaning-making processes of mathematizing the problem situation (foregrounding the key
mathematical aspects of the situation) and storyizing the math notations and methods (telling
stories for each math tool). Mathematizing is shown as moving up in the model, and storyizing
is shown as moving down. The vertical boxes show the different conceptual models solvers
must form as they move from a real-world conception to a solution action sequence. Some of
our designed classroom activities moved through all phases for a given problem, and others
concentrated at particular spots (e.g., sharing different solution methods for the same prob-
lem). This model was developed for describing addition–subtraction word problem solving by
students in kindergarten through grade 3 (Fuson, Hudson, & Ron, 1997; Ron, 1999). We
modified it here to show in the left column the activities at each phase in which students and
teachers need to engage in the classroom and individually when understanding ratio or solving
a proportion problem. The fit of the model for these domains that span the elementary school
years suggests that it is widely applicable, at least in numerical situations.

THE DESIGN FOR LEARNING ADDITIVE–MULTIPLICATIVE
AND MULTIPLICATIVE SOLUTION METHODS
FOR PROPORTION PROBLEMS

In our design we sought to introduce fifth graders to ratio and proportion by grounding it in
multiplicative contexts that would enable students to avoid the usual additive solution errors.
We also used middle-difficulty problem numbers in which the ratio pairs were not multiples of
each other but were multiples of the smallest basic ratio (e.g., 3:7, such as 6 to 14 and 15 to
35), so that students would learn more general solution methods than the simple multiply/
divide methods used with the easiest problem numbers involving only a basic ratio and a
multiple of it (e.g., 3 to 7 and 15 to 35). We discuss at the end of the chapter how this approach
can generalize to proportions involving fractions and decimals and to advanced solution meth-
ods such as finding unit rates and cross-multiplying. The math formats and situations linked
in our design are shown in Figure 13.3 and will be explained in this section.

All approaches to teaching ratio and proportion need to help students use and understand
ratio tables and some format for representing and solving proportions. Ratio tables are vertical
or horizontal formats that record the results of repeated coordinated additions of a basic ratio
pair of numbers. The middle cell of Figure 13.3 shows a ratio table for the ratio 3:7 in which
the columns are made by repeatedly adding 3 to the left column and 7 to the right column. Any
two rows from a ratio table are proportional because they are each multiples of the basic ratio
(e.g., they are 3m

1
:7m

1
 and 3m

2
:7m

2
 and thus are multiples of each other). Ratio stories are

situations that generate ratio tables. They involve two linked situations that begin at zero and
in which the repeated addings are made together. Figure 13.3 gives one of our design ratio
stories: “Every day Robin puts $3 in her kitty bank and Tim puts $7 in his doggy bank.” Each
ratio story involves an explicit or implicit linking column that coordinates the repeated adding
actions in the two linked stories; in this story, the linking column numbers the days. The
linking column enables one to find a given row by multiplying rather than by repeatedly
building up within the ratio table to that row (e.g., on Day 5, Robin has 5 × $3 = $15 in her
kitty bank and Tim has 5 × $7 = $35 in his doggy bank). If the rows are made by multiplying
instead of by repeatedly adding, ratio tables can have rows omitted or reversed.

Each of the coordinated situations in a ratio story can be seen in isolation as a multiplication
story made by repeatedly adding the same number. The Group Total Table shown in the left
cell of the middle row in Figure 13.3 shows the multiplication story of Robin putting $3 in her
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D Discuss solution methods

Class discusses solution methods: teacher

elicits and supports descriptions of method

and helps connect parts of the solution

to math tool parts in B and C

to real world or word problems in A

C Focus on the unknown: turn the mathematization

into a solution plan using math tools

Students solve using

full MT

cut-out MT columns

some parts of RT

MT Puzzle

Class discusses various solution plans

B Use math tools to present a mathematized

solution

situation drawings: filmstrip

introduce and use school math tools

multiplication table

ratio table

cut-out MT columns

A Relate word problems to

real-world knowledge

enact real-world situation

tell real-world situation

draw pictures of situation

retell situation in your words

create own word problems

Classroom Activities Supporting Meaning Making

Figure 13.2.Figure 13.2.Figure 13.2.Figure 13.2.Figure 13.2. The Conceptual Phase Problem-Solving Model in the classroom: mathematizing
the situations and storyizing the math tools.

Solver’s solution actions
Solution Action Sequence

Doing solution actions

                                               storyizing

mathematizing

Solver’s solution planning
Solution Method Conception

Numbers, unknown, and operation

                                               storyizing

mathematizing

Solver’s mathematization
Mathematized Situation Conception

Foregrounds numbers, unknown, and operation

Background entities in space–time

                                               storyizing

mathematizing

Solver’s conception of word problem
Situation Conception

Backgrounds numbers, unknown, and operation

Foregrounds entities in space–time

                                               storyizing

mathematizing

Solver’s conception of real-world situation
Real-World Conception

Solver’s understanding of the problem language

and of the real-world situation

Conceptual Phase Problem-Solving Model
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