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1 Abstract 
Modeling is well documented as a classroom activity supporting student development of 

mathematical concepts, with students either using ready-made models or building their own 

models. In this thesis, I offer qualitative analyses of students’ behaviors as they engage in 

minimally structured model-building activities. I evaluate and critique these interactions’ 

pedagogical value. I find that there are significant tradeoffs to giving students such freedom in 

modeling activities, specifically that students have a tendency to adjust their concrete models so 

that they conform to their theories, so that consequently they are likely to confirm rather than 

modify their theories. While the explorative nature of this modest study limits the validity of my 

conclusions, my work suggests that teacher monitoring and guidance is often vital in enabling 

students to see the models they have built in new ways.  
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2 Introduction  
When we visit early-education environments, we expect to find materials and play-things 

that range from art supplies supporting open-ended activities to manipulatives supporting more 

structured activities (like Cuisenaire rods or fraction tiles). Friedrich Froebel, the 19th Century 

‘father of kindergarten’ pioneered the playful use of materials—“gifts” and “occupations”—in 

young children’s education. He designed an array of such materials that were used in his 

kindergartens to teach children. Froebel believed that “the concrete object would stimulate the 

recall of the concept... that was latently present in the child’s mind” (Gutek, 2004, p.29). The 

Montessori Method, developed by Maria Montessori in the early 20th Century, also relies heavily 

on ready-made materials. However, unlike Froebel, Montessori’s materials are not designed with 

the goal of unearthing ‘latent concepts’ that already exist within the child’s mind, a project that 

builds on a Platonic epistemology. Rather, Montessori’s writing focuses on materials with 

specific didactic intentions: she describes creating an environment that was organized with 

children’s development and learning in mind, with specific objects that would support the child 

in developing conceptual understandings. She explains: “we must prepare the ‘environment’ in a 

definite manner, and from this environment offer the child the external means directly necessary 

for him” (Montessori, 1917, p. 71). 

Whether to reveal latent concepts of develop new ones, Froebel and Montessori both 

believed in the important role of ready-made learning objects in the young child’s education. 

These concrete objects were created by the educator to help children access a concept. The 

objects represented the designer’s idea of a concept. The student interacting with the object 

would initially have no idea of what this concept was, and the teacher could guide the child to 

develop the concept. Such objects continue to be used commonly in early education.  
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2.1 Concreteness and Manipulatives: a Theoretical Evaluation 

Bruner (1966) argues that students develop a concrete understanding before they are able 

to develop abstractions. He describes lessons in which students begin by representing numbers 

and variables using materials and go on to develop, with the guidance of a teacher, more 

traditional symbolic representations. Bruner concludes “it was probably necessary for a child, 

learning mathematics, to have not only a firm sense of the abstraction underlying what he was 

working on, but also a good stock of visual images for embodying them” (1966, p.66). 

According to Bruner, ‘visual images’ are a prerequisite for a child’s development of abstract 

symbolic representations. 

Researchers have since argued that some particular types of objects are more or less 

helpful for learning. Brown, McNeil, and Glenberg (2009) explain that “realistic concrete 

materials can hinder learning of abstract concepts in some cases” (p.4), whereas “bland materials 

may allow students the flexibility to assign new meanings to the materials as their concepts 

change” (p.5). Researchers show that teachers must take care in object selection and environment 

creation to support the development of abstract symbolic representations as described by Bruner. 

Objects that have too much detail or are too specific can distract children. For example, Uttal, 

Liu, and DeLoache (2006) propose that more rich concrete models may actually hinder 

children’s ability to understand the model as a symbol for something else. They explain that the 

issue with manipulatives is their dual nature: children see them as objects in themselves, whereas 

these objects are also meant to represent a mathematical concept. Their research supports the use 

of more generic or “bland” objects so that students do not get distracted by details of the model 

itself that are not conceptually relevant. Uttal et al. (2006) also note that for manipulatives to be 

useful, they need to be clearly linked to other forms of mathematical representations.  
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The environment of learning is also an important consideration, and researchers describe 

the importance of a balanced environment that is neither too structured nor too free (Brown et al., 

2009). Specifically, it is problematic to allow students just to ‘play’ with materials before using 

them for a mathematical task (Uttal et al., 2006). This leads to children seeing the materials as 

objects in themselves, and they then use these materials in ways that are not relevant to 

mathematics (Sarama & Clements, 2009).  

Note that these authors all discuss the use of ready-made materials. While less common, 

several researchers have also examined students generating their own models. I review this 

research in the next section. 

2.2 Model- Eliciting Activities 

 Researchers have examined problem-solving activities where instead of providing 

students with the model, students work to create models. Lesh and Doerr (2003) explain that 

“model-eliciting activities are similar to many real life situations in which mathematics is useful. 

Students must try to make symbolic descriptions of meaningful situations” (p.4). They submit 

that real-world problems involve information represented in many different ways, and so student 

solutions will often involve the use of many different types of media; these different types of 

media will reveal different aspects of the problem and of students’ thinking. The authors go on to 

explain that students go through several different iterations of modeling or “modeling cycles,” 

during which students refine and improve their models. The authors explain that while in other 

learning situations the goal might be to help students “identify relevant ways of thinking when 

they have none,” with model-eliciting activities, “the heuristics and strategies that are most 

useful tend to be aimed at helping students find productive ways to adapt, modify, and refine 
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ideas that they do have” (p. 22). The goal, then, is to build on or adjust what students already 

know or believe. 

 One hybrid class of model-eliciting activity involves teachers guiding students through 

model-building. Bridging tools (Abrahamson & Wilensky, 2007) are a type of pedagogical 

artifact designed to enable student coordination between intuitive understanding of a 

phenomenon and an analytical understanding of the same phenomenon. Students participate in a 

guided activity where they first make intuitive judgments about a phenomenon, and then build 

objects that model the same phenomenon analytically. Initially, the students do not understand 

how the objects they were guided to build constitute models of the phenomenon. However, with 

the teacher's discursive support, the students determine a way of looking at the objects such that 

the objects appear to express their initial intuition. In terms of my classification of mathematical 

models as either ready-made or student built, bridging tools lie at the intersection: although they 

are completely predetermined by the teacher, the student executes the de facto actions of 

building the model. Along the way, the teacher monitors the construction process as a means of 

assessing the child's emerging understanding. 

 Several authors have specifically described the importance of students adapting their 

environments and the materials that they work with, implying that this process is critical to 

learning. This research is reviewed in the following section. 

2.3 The Process of Learning with Media 

 Several researchers have examined student work with media. Schwartz and Martin (2006) 

propose that the ideal learning environment is one of “mutual adaptation” where both the learner 

and the environment are malleable. They find that the process of “adapting the environment was 

critical to children’s own abilities to reinterpret the environment” (p. 320); children used the 
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environment to help them solve problems, and making these changes supported learning. These 

findings are similar to Kirsh’s (1996) conclusions that people modify their environments in order 

to complete tasks, and that people are most successful when they can organize an environment to 

fit their needs. In fact, the process of adapting the environment is critical to learning; Martin and 

Schwartz (2005) explain that 

simply showing children how to use a manipulative to solve a mathematical problem 

does not guarantee they [children] will develop appropriate interpretations, and in fact, it 

may block the adaptation–reinterpretation activity. Instead, it may be better to provide 

children a chance to grapple with structures and interpretations that can prepare them to 

learn subsequently. (p. 621) 

This implies that ready-made materials are not the most beneficial to students’ learning, and 

suggests that activities in which students are given agency in creating their own models may 

provide them deeper understanding of the mathematical structures that they are exploring. I 

review the specific ways that modeling can support learning in the following section. 

2.4 Why Model?  

Modeling has the ability to both support student learning and reveal to teachers what 

students understand of mathematical phenomena. The media that students use to build models of 

phenomena may vary, to include inscribed representations (paper and pencil), concrete objects 

(e.g., a model of ancient Pompeii), virtual microworlds (i.e., a computer representation), etc. 

Through modeling, students represent their understandings, communicate their ideas, and 

examine properties and structures. Moreover, models make manifest for the teacher's formative 

assessment aspects of student reasoning that might otherwise remain implicit.  
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The National Council for Teachers of Mathematics (NCTM, 2012) agrees that modeling 

is an important component of learning mathematics. Their standards include a representation 

element, explaining that 

instructional programs from prekindergarten through grade 12 should enable all students 

to: create and use representations to organize, record, and communicate mathematical 

ideas; select, apply, and translate among mathematical representations to solve problems; 

use representations to model and interpret physical, social and mathematical phenomena.  

Wilensky and Reisman (2006) discuss computer-based modeling, an educational activity 

that is unique in its feedback capacity. Namely, whereas a student might build an incorrect 

concrete model and then have to wait for a teacher to tell him or her that it is incorrect, a 

programmed model can be compiled and run, and this simulation process makes clear where 

reasoning was faulty. For example, Papert (1980) explains that when students build computer 

programs, debugging their programs gives them the opportunity to “debug their thinking”—the 

computer program instantiates their conceptual model, and the process of examining and 

debugging that model allows students to reexamine their understanding of the concept. 

In sum, modeling creates opportunities for students to get feedback. Significantly, 

modeling processes illuminate thinking not only to the students themselves but also to the 

teacher. Each medium bears particular affordances that enable the learner to reveal and study 

patterns in the domain of inquiry. This thesis is concerned in particular with concrete models 

students construct as a means of solving a geometry problem. I have chosen this particular topic 

because I believe that concrete modeling is both under-used in geometry, particularly in high 

school, and under-theorized with respect to its strengths and potential limitations. The literature 

has not treated sufficiently cases where geometry students construct incorrect models yet cannot 
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appreciate their error, even with the teacher's guidance. I wish to examine this phenomenon. I 

will suggest here that students experience a clash between, on the one hand, what they are 

searching for and, on the other hand, the compelling perceptual elements of the concrete object 

they have built. 

 

2.5 Research Questions 

Previous research, as overviewed here, describes two main categories of using models for 

learning: the first are ready-made models designed for a particular learning goal (such as 

Cuisenaire rods, pattern blocks, or fraction circles). Students interact with these models, but 

these models are not malleable, nor are they intended to be created by students. Other researchers 

describe modeling activities where students have agency in creating the models. Learning, it 

appears, happens not only by using a model but also, perhaps more so, through the process of 

creating the model.  

The research implies that this type of modeling activity has the potential to be most 

beneficial to students. Because students are creating their own models with a particular 

mathematical goal, they are less likely to be distracted by details in the model itself and more 

likely to focus on the mathematical goals that they have designed this model to examine. 

However, while creating one’s own models has the potential for great reward, it also carries 

inherent risk: without yet knowing what information or patterns they are looking for, children’s 

models could be unsuited to revealing mathematical patterns. It can be challenging for teachers 

with a particular learning goal to have students build models without much guidance. Bridging 

tools address this issue by explicitly designing the modeling activity, but what happens when we 

give students less guidance? In this thesis I examine student modeling with a minimal amount of 
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teacher guidance to explore the utility of this type of modeling as a learning activity. I explore 

this question through an examination of student modeling to solve a geometry problem, 

described in the following section. 

 

3 Methods 
I designed a problem solving experience where student modeling was unrestricted. 

Students had a variety of media available to them and had freedom to explore the problem in 

whatever way they chose. By examining their use of the media for modeling through video and 

observations, I hoped to gain insight into the affordances and limitations of students building 

their own models to examine and understand a problem. In this section, I summarize the 

participants, lesson, and specific media used to explore these questions. More detailed 

information is available in the appendices. 

3.1 Participants 

I implemented the following plan in four classes in two different stages. They are 

outlined in the table below. 

Stage 1: Fall 2010 
• San Francisco public 

school 
• English Learner class 
• Advanced Algebra 
• Students worked in 

groups regularly 

Stage 2: Fall 2011 
• Berkeley public school 
• Mixed ability 
• Geometry classes 
• Students worked in groups regularly 

Class 1 Class 2 Class 3 Class 4 
• Morning class 
• Mainly grade 11 
• I had been observing and 

helping out regularly 

• Morning 
• Mainly grades 9 and 

10 
• Teacher described 

class as unusually 
high achieving 

• I observed and 
helped out regularly 

• Morning 
• Grades 9 - 12 
• My student 

teaching 
placement – I 
was the lead 
teacher 

 

• Afternoon 
• Mainly 

grades 9 and 
10 

• I did not 
know this 
class well 
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3.2 Materials 

 My research focused around students solving the tilted cube problem: 

A cube half filled with water is tilted so that it is balancing on one of its 

vertices. Now look down at the cube, what shape does the surface of the 

water make? 

This is discussed in more detail in the following sections. 

3.2.1 Lesson Plan 

In order to make sure that all students understood the problem, I started the lesson by 

examining the various parts of a cube. I drew a cube on the board and we discussed and labeled 

the definitions of a face, edge, and vertex (or corner). The goal was to provide a common 

language for discussing a cube, and was especially important for the English Language Learners 

in the first class. I started by posing a preliminary problem – “what happens with the cube resting 

on a face half filled with water?”—that I believed would make it easier for students to 

understand the main problem. For this preliminary problem, I drew a picture on the board 

representing the cube and led a class discussion about what shape the surface makes. This 

discussion quickly yielded the correct answer – a square. I then introduced the tilted cube 

problem—“a cube half filled with water is tilted so that it is balancing on one of its vertices. 

Now look down at the cube, what shape does the surface of the water make?” I used no 

visual aids while posing this problem other then to simulate tilting and looking down with my 

hands. I first asked students to make an independent guess as to what they believe the surface 

would look like. After sharing some of these ideas, they then worked in their regular groups to 

solve the problem. I and the other teachers in the room circulated but gave minimal assistance. 
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We emphasized to students that they needed to be able to convince others of their answer—this 

was intended to prevent students from just picking an answer without fully examining whether or 

not it made sense. While a variety of media were available to students throughout the class (clay, 

paper, pipe-cleaners, paper with printed nets of a cube), I did not specifically tell students about 

the media until either (a) they asked for something, (b) they seemed to be getting stuck or (c) 

after about 5-10 minutes had gone by. If most groups in the class had started using the media, I 

notified the other groups that they were available. Before the end of class, all of the groups 

presented their current thoughts on the problem and shared any models they had created or other 

thoughts that they had. For the detailed lesson plans for both rounds, and an analysis of the 

problem used, see the appendices. 

3.2.2 Media 

 Students had a variety of media available to them, laid out in the back of the room. These 

included both blank paper and paper with a net of a cube printed on it, scissors, rulers, tape/glue, 

pipe cleaners, popsicle sticks, play-doh/clay, and plastic knives; in the second round (Classes 2, 

3, and 4), students also had beans and small wooden cubes. Student use of media was 

unrestricted, and they were free to use any other materials they had or had access to in the 

classroom, and many chose to use water. 

3.2.3 Why a Geometry Problem? 

Geometry has unique properties that make it a particularly interesting topic to use as a 

form for studying modeling. In geometry, terms such as square, circle, triangle, and cube refer to 

an ideal with particular properties that cannot be physically created. However, in practice these 

terms are understood as concrete objects that can be drawn or built, and their difference from the 

ideal is considered unimportant. Because our perceptual experience treats geometrical forms as 
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concrete objects, geometrical forms are different from other mathematical forms in terms of their 

assumed realness. In other words, we don’t think of the physical cube as a model for a cube—it 

is just a cube, the object itself. Due to this hybrid nature, geometry provides unique affordances 

for research on learning through modeling. With the geometrical object serving as both abstract 

idea and concrete object, some of the concerns that students will not see models as representative 

of the mathematical structure are less applicable (compare to Uttal et al, 2006).  

 

3.3 Data Sources and Analysis 

For each of the four classes studied, the video data was carefully examined. This included 

careful analysis of one group’s work, analysis of video from a floating camera that caught pieces 

of the work of various groups, and examination of the video of the group presentations at the end 

of the class. In examination of the video I focused on how students interacted with the media, 

what types of models they created, and how they used the models to help them solve the 

problem. Specifically, I examined whether or not using the models revealed to students the 

structures of the cube, and whether or not the models allowed students to reexamine their initial 

intuitions about the problem. In order to do this I also collected and photographed the models 

that groups created, took notes on my own reflections after each class, and discussed student 

work with the other teachers in the room after each class. Additionally, throughout this process 

of data analysis I received feedback from peers and mentors through periodic presentation of the 

data and discussion of my interpretations. 

4 Results and Discussion 
 Student modeling in solving the tilted cube problem reveals that students engage in 

modeling as a way to confirm rather than evaluate their theories about the cube. Students at times 
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are successful, but at other times they see what they expect to see; if their model contradicts what 

they expect, students can ignore these discrepancies in a variety of ways. In fact, they do not 

even experience this contradiction! This phenomenon was exhibited throughout the data. I have 

selected several examples that made this clear.  

As the annotated vignettes, below, will demonstrate, students used the media available in 

a variety of different ways to create cube models and to examine their cross-sections. Some of 

these included creating a hollow cube out of clay, paper, or a milk carton and attempting to fill it 

with water or beans; creating cubes out clay or paper and attempting to cut them in half; creating 

cubes and tracing along the outside or inside; pressing a wooden cube into clay; and drawing 

cubes on paper. Additionally, students used their own arms and hands to model either the cube 

itself or to show where in the cube the water would be. 

Throughout their work on the cube problem, students exhibited theory driven modeling 

behaviors, meaning that their understanding of what they expected to see in the cube shaped not 

only how they interpreted what they saw, but also how they constructed the models themselves. 

Students’ ability to use the media to see a shape that they were not expecting to see was thus 

limited. While one might expect students to explore the properties of cubes through the 

materials, coming to a conclusion truly empirically, instead they came up with a theory first, and 

then used the media to test their theory. The data collected here suggest that students can fail to 

successfully utilize empirical work and modeling because instead of forming conclusions based 

on what they see, what they see is constricted by what they expect.  

 This observation supports Karmiloff-Smith’s (1988) claim that children “go about 

discovering how the world functions … by building theories, not by simply observing facts... and 

children go about their spontaneous discovery by behaving like a typical scientist” (p. 183). In 
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her earlier work (Karmiloff-Smith & Inhelder,1974), the authors observe that young children do 

not easily adjust their initial theories, and are resistant to even considering counterexamples. 

Karmiloff-Smith (1988) argues that children do not reason through data, coming to a conclusion 

based on what the data tell them, but in fact their reasoning is highly affected by a theory, and 

their problem solving behavior is dependent on this theory. Karmiloff-Smith explains that when 

evidence does not confirm their theory, children assume that they have done something wrong, 

or that there is a problem with the data—they do not reject their theory.  

Student work with the cube problem suggests that this theory-driven behavior continues 

to describe students’ thinking and problem solving processes as they get older. In fact, 

Karmiloff-Smith’s concept of the child as a theoretician explains much of the problem solving 

practice exhibited by the high school students who I observed. When working with the cube 

problem, many students began by believing that the cross section would be a square, rhombus, or 

triangle. Careful analysis of their work showed that they had a significant amount of trouble 

adjusting this theory, and in fact altered or misinterpreted the models that they created until they 

confirmed their prior theories. Many of the students who did arrive at the correct answer were 

guided by a framing suggestion by another student that ‘hexagon’ was a possible answer. 

 I present two sets of vignettes. These examples were selected for their clarity in depicting 

interesting and important events that can help teachers understand how students see and work 

with the models that they made.  In the first set are three examples where students drew 

inferences from their models in line with mathematical analysis, and the second set are three 

examples in which features of the situation impeded such inferences.1 

 
                                                

1 Note that the selection of three in each group is intended to give several examples of both types of student 
behavior, and is not meant to imply that each outcome is equally likely. 
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4.1 Students Using Mathematical Analysis 

In this set of vignettes, students successfully made mathematical analyses based on their 

empirical observations of the models that they built. These are examples of behaviors that 

students throughout the classes exhibited. The first describes a group that went through a 

sequential modeling procedure. While they never reached the correct answer, they successfully 

analyzed their models, noting and addressing the drawbacks to their models, and moved forward. 

The second vignette shows a student who attempted to cut a clay cube in half, but struggled. His 

neighbor traced along the outside of a paper cube, and helped him to do the same with the clay 

cube. The original student then used his classmate’s model and observed the hexagon. The third 

vignette shows a group that examined several different cube constructions. When one student 

exclaimed that it is a hexagon, the other group members were skeptical, but eventually confirmed 

his answer by building models. 

4.1.1 When we get it right, then it will be a square 

This is the group from Class 1 that had the camera focused on them for the whole class. 

Their group spoke mainly Spanish, and translations to the English are approximate. This group 

aimed to create a cube with the express purpose of filling it with water. By building a cube, 

filling it halfway with water, and then tilting it appropriately, they expected to be able to easily 

see the answer. Throughout, their problem solving strategy was to create as concrete and precise 

a model as possible. However, they had trouble building a cube that would hold the water. 

Specifically, without including all six faces, their cube was not able to hold the water when it 

was fully tilted. This was a consistent barrier to them in their problem solving. However, the 

group persevered: they rejected strategies that, they evaluated, were not working, and it seemed 

that with a little more time, they would have created a model they would accept. 
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They started immediately by building a cube with paper. Maya2 created her own net and 

then cut out, folded up and taped the cube (open at the top). In an effort to hold the water in 

better, they even lined the cube with tape. However, they had trouble because their cube could 

not hold the water in well enough. They were able relatively easily to see that at some point 

(when partially filled with water) the cross section would be a triangle, but were not able to get 

further than that.   

Translated from Spanish, translation is approximate. 
 
Maya (left): Triangle. 
Jorge (right): Oh! Triangle! 
Anthony (left, with hood): No it’s a cube [he says this 
in English. He probably means square] 
Anthony: Right now because there is only a little bit 
of water [it is a triangle] but when it is closed it will 
run out and form a square. 
Jorge: [mumbles something about the middle/ half] 
Mumbling while they fill the cube with more water 
Rosa (not pictured): It’s falling out! 
Maya: Careful careful! 
Anthony: Look, it’s like I told you, it forms a square.  

Figure 1: Maya, Jorge and Anthony examine a paper cube 
 

In Figure 1, it appears that this group unconsciously adjusted the cube and did not tilt it 

completely (because if they did the water would fall out) and thus saw the surface as a square. 

Anthony specifically noted the difficulty with the form of representation that they chose, saying 

that the water would fall out. They were unable to go farther with their inquiry because their 

representation held them back. Anthony felt that their model was not accurate enough, and 

rejected the model to try something new. Their ability to recognize that their strategy was not 

working is an important problem solving strategy that prevents “wild goose chases” (see 

Schoenfeld, 1987) and matches the iterative modeling activity described by Lesh and Doerr 

                                                

2 All names are pseudonyms 
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(2003). Still, Anthony was convinced that when they recreated the situation correctly, it would 

form a square. It may be that Anthony’s attachment to the theory that the surface of the water 

will form a square constrained his ability to embrace different theories (Karmiloff-Smith, 1988). 

This group continued to try a variety of other methods to keep the water in the cube so that they 

could see what the surface of the water would look like when it was fully titled.  

 Anthony created a clay cube that he believed would make it easier to see what would 

happen with the water. He took care to make the cube precise (though was missing one face—the 

‘top’). He then filled the cube with water and examined the result. His group went back and forth 

with various hypotheses, including a triangle, square, and rhombus. Part of Anthony’s 

exploration of this clay model is portrayed in Figure 2. 

 

  
  

1. Anthony and Maya 
examine the clay cube with 
water inside. Maya 
exclaims that she knows 
what it is, but doesn’t know 
the word and instead 
scribbles something on her 
paper. 

2. Anthony rests the cube 
on the table and shows me 
that the surface of the water 
makes a square. Rosa and 
Jorge are still unconvinced 
(Jorge says it is a triangle) 
and ask to see the cube. 
Then, with further 
examination, Jorge 
exclaims that it is a 
rhombus. 

3. I ask them what they can see 
without water. Anthony 
empties the water out of the 
cube and starts examining it. 
He is now looking at the cube 
resting on an edge instead of a 
side. He is using his finger to 
simulate tracing the outline of 
the water inside the cube. He 
then shows me that the water 
is going to touch four sides, 
and thus will be a square. 

4. I correct Anthony’s 
positioning of the cube and 
he continues to examine it. 

Figure 2: Anthony and Maya examine a clay cube. 
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When it seemed that the clay cube was not helping them move forward, the group decided to try 

to make a better cube that they could fill with water and tilt fully. Because they noticed another 

group using a milk carton, they decided to try the same thing. Figure 3 depicts our conversation 

about their milk-carton model. 

They cut the top off of a milk carton to form an open 
cube. They have filled it halfway with water. 
Me: is that the right amount of water? 
Maya: yeah half 
Me: is this a cube? 
Students: yeah 
Me: Show me again 
Maya tilts cube onto it’s corner 
Me: Its kind of hard to tell because you can’t tilt it all 
the way can you without milk falling out. Keep 
thinking. 
Their solution is to cover the top of the milk carton 
with clear plastic so that they’ll be able to tilt it all the 
way without milk falling out. However, they run out of 
time. 

 

Figure 3: Students examine a milk-carton cube. 

Their work here again shows that they were willing to keep trying new methods to solve the 

problem. When they saw that their models could not accurately replicate the cube, they agreed 

that they also were not sufficient to prove their theories, and kept working on improving their 

models. While they were not successful by the end of class, I believe that they would have 

continued this process of altering their concrete models based on their observations until their 

model was accurate enough to help them. 

4.1.2 Examining a teammate’s model 

 We now turn to discuss a group of students from Class 2. There are three students in this 

group, Ethan, Drew, and Karen, who have each been working on their own model. Drew built a 

paper cube and traced around it where the water would be. Figure 4 portrays Ethan attempting to 

cut a clay cube in half. 
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Ethan: I kind of want to cut this in half. Ethan traces along the clay cube with a plastic knife. 

  

Ethan: Can I see this for a sec? 
Pulls over a cube that his teammate, 
Drew, had constructed. 

Ethan: Wait, it goes down on this point? 
Karen: Yes, but it can go down on another point too 
[mumbling]. 

Figure 4: Ethan examines his classmates’ model. 

Note that while Ethan struggled with cutting his cube in half, he saw that Drew had a successful 

construction. Ethan asked questions and sought support from his teammates to create his own 

construction. 

Drew showed Ethan that he could figure out where to cut by finding the midpoint of the 

edges (see Figure 5). Drew explained that he made 6 notches, and concluded that the surface of 

the water would be a hexagon. Ethan, however, was not immediately convinced by Drew’s 

explanation: he needed to confirm by carefully analyzing the models that they have made. He 

rejected the idea of cutting his clay cube in half, and instead cut Drew’s cube in half and counted 

the sides, and eventually agreed with Drew that it would be a hexagon. 
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After Ethan (pictured above) moves 
the cube around a little, Drew 
reaches over and helps him out. 

 

Ethan compares Drew’s cube to 
his cube. He puts the knife on 
Drew’s cube and then on his 
cube, but then drops it. 
Ethan: Yeah, I don’t know. 

Karen: Let me see. 
Ethan: I kind of wanna-- 
Karen: yeah cut it in half. 

Ethan: Um... [struggles with what to 
do.] 
Drew: You need to cut along... 
Ethan: You want to cut it? Cause I’m 
gonna mess it up. 

Ethan here is attempting to cut his clay cube in half in order to examine the cross section, but he struggles with figuring out where to cut. He turns to 
Drew for help. 

   

 

Drew: You have to cut it along the 
midpoint of every edge. 
Drew makes notches on the edges 
of the clay cube. 

Drew: I made 6 cuts [taps the 
cuts] so therefore it’s a hexagon. 

Slightly later. They have cut the 
paper cube along the line. 
 
Ethan: 1, 2, 3, 4, 5, oh yeah you’re 
right [mumbles]. 

Drew is holding the other half of the 
cube 
 
Ethan: You are correct!  
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 Ethan used the models here to explore his classmates’ idea. He was doubtful at first, but 

eventually, by carefully analyzing and manipulating Drew’s model, convinced himself that 

Drew’s work was accurate. Note that Ethan was exhibiting theory-driven behavior here, because 

he sought to confirm the theory provided by Drew. The following vignette similarly depicts a 

group where one student saw the hexagon, and other students then tested that idea.  

 

4.1.3 Confirming a teammate’s answer 

 We now move to discuss another group from Class 1. Three students are pictured: Odval 

(Mongolian but spoke some English), Johnny (spoke Mandarin and very little English) and Ming 

(spoke Cantonese, and also some Mandarin and English). The group at first believed it would be 

a rhombus, and used a binder, sketches, and their hands to model the tilted cube.  

 

   
1. Odval says that it will be a 
rhombus. Ming examines his binder 
as a stand-in for the cube.  

2. Ming attempts to sketch a 
partial cube with a rhombus 
cross-section on his paper after 
Mr. L asks the group if they can 
draw a rhombus. 

3. Odval shows me with her 
hands that she believes it is a 
rhombus. 

Note that their belief that it will be a rhombus determines the type of figure that Ming draws in the second 
screen shot. At this point, this group has not attempted to make any specific concrete model of the cube, 
but instead has used things around them to help them talk about the properties. 
 

Figure 6 
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4. Ming uses folded paper to 
approximate the cube. 

5. On the left, Johnny is telling 
Ming that it “looks like a 
hexagon. It might also be a 
pentagon” (translated from 
Mandarin by Collin Ma). On the 
right, Odval has made a cube out 
of paper and is examining it. (See 
Appendix for Johnny’s paper) 

6. Ming is spinning the paper 
cube, and occasionally using 
is pencil to trace a long the 
outside. 
Later, still using this cube, 
Johnny says that it is 
definitely not a square, and 
Ming explains that certain 
cross sections will be 
triangles. 

 

This group then moved on to a more precise representation of a folded paper cube using a net. In 

the first and last images in Figure 6, you can see that Ming used his fingers to trace where he 

believed the cross section would be. Throughout their work, this group examined several 

different theories, including that the surface of the water would make a rhombus, a square, a 

triangle, a pentagon, and a hexagon. Their problem solving takes the form of using materials to 

examine their stated theory. Using their inexact models of cubes, they noticed that in certain 

places the cross section would be a triangle and, if the cube were positioned differently, perhaps 

a square or rhombus (albeit they did not examine this closely, because they immediately 

acknowledged that the positioning is incorrect.)  

Johnny, however, only sketched on his paper, occasionally pointing to a model to explain 

something to someone else. He seemed to work mostly alone, turning to his group when he 

wanted to tell them what conclusions he had come to, or that he believed that they were wrong. 

Johnny’s work was entirely on paper and in his head (see Appendix C for his paper). Any 

‘model’ that he created, 2D or otherwise, is not clear from the evidence available. This implies, 
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however, that Johnny was able to understand properties of the cube without building a 3D model, 

an ability not exhibited by other students in his group. For Johnny, building a physical model of 

the cube was not necessary to allow him to examine its properties. It is possible that Johnny had 

a strong mental model of the cube before starting to examine this problem, and was able to take 

advantage of that to examine the cross sections? Though Johnny convinced himself that the cross 

section would be a hexagon, he had trouble getting his group mates to listen to him. Eventually, 

the rest of the group convinced themselves by constructing the cube out of clay and cutting it in 

half, with Johnny’s guidance. This is similar to the problem solving activity exhibited by Ethan 

and Drew in the previous vignette. 

 

   
Johnny traces along the 
cube to argue to his group-
mates that the cross section 
is a hexagon. 

Ming is holding a blue cube and tracing 
along the halfway point. He counts the 
number of sides that he drew and gets six. I 
ask them to find a way to prove it and tell 
them that they have 5 minutes before they 
will have to present their work to the class. 
Ming holds up the clay cube and Johnny 
shows him with his finger how to trace 
along it. 

When they present their 
answer to the class, they 
have cut the hexagon in half. 
They explain that they found 
the answer “by making it.” 

Figure 7: Johnny show’s his group the hexagon, and they confirm. 

This group relied on understanding the properties of the cube in order to visualize what 

the cross sections would be. They examined visual representations of the cube that they knew 

were not precise representations of the cube. They examined models of cubes by tracing around 
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them with fingers and pencils, presumably to visualize where the cross section will be. When 

Johnny exclaims his answer, the rest of his group seeks to make sense of his answer by testing it 

by analyzing the cube. They were not convinced until they could construct it by cutting the clay 

cube in half and see the hexagon. Most importantly for my thesis, after Johnny proposed the idea 

of a hexagon, Ming and Odval began to look at the cube with the possibility of seeing a hexagon.  

Though still skeptical, they then entertained the idea that it could be a hexagon, an idea that they 

had not considered before Johnny’s suggestion. 

 I have now presented three vignettes that demonstrate students’ successful use of 

modeling media. The next set of vignettes, from the same lessons, will present instances in which 

the use of the modeling materials was problematic. In these vignettes, students were unable to 

see past their preconceived ideas about the problem. Features of their models and their 

perceptions of their models impeded and affected their inferences. They did not see the 

problematic nature of how they read their models. 

4.2 Situational Features Impeding Inferences 

The first vignette depicts a student and me looking at a cube model that he had made. 

While we both looked at the same cube, I saw a hexagon and he saw a square. In the second 

vignette, students examined a large pipe-cleaner cube. They used their arms to mark a diagonal 

water level, even though they also appeared to know that the level should be horizontal. In the 

third vignette, students built a model that they acknowledged to be imprecise, and yet they 

disregarded this acknowledgement and consequently drew erroneous inferences. 

4.2.1 Do you see what I see? 

 Figures 8 - 12 are from the second iteration of the cube problem, in Class 4. Two 

students, Tommy and Jenn believed that they had solved the problem: the cross-section would be 
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a square. In this vignette, Tommy showed me his proof: a cube he had made out of paper that 

was half filled with beans. He showed me that it was a square, but when I looked at it, I did not 

see a square but rather an irregular hexagon. 

  

Tommy: you get a line. And then you know you're 
halfway across... [turns cube] 
You know you're half way cause if you duplicate it it 
would be twice as tall and if you look down on it it 
would be a square. 
Me: Can you show me again? 

Tommy: So its a square because you know it’s 
halfway cause it’s uh filled up to the four corners 
and if you flipped it over and filled the other half 
and then uh its a square because I can just see 
that it’s a square and if you look straight down 
on it even though if you look at it from this angle 
it looks sorta like a rhombus but it’s 90 degrees. 

  

Me, talking to Jenn: Do you see a square? 
Jenn: Yes I see a square. 
Me: Can you show it to me? 
Jenn, while pointing out 4 corners: like 1 2 3 1. 
Me: are you going to be able to convince everyone of 
that?...  Can I see it again? 
Tommy: Is this right? 
Me: So I'm having trouble seeing the square. I wonder 
if there's a way you could make it easier to see the 
square cause the beans make it kind of hard to see. 
Tommy: I could just cut the square in half. 
Me: Maybe you should try that--a way to really show 
it to everyone. 

Tommy: Ok you can show it to everyone by 
drawing the square and putting a pyramid on 
the bottom and then saying if you duplicate the 
pyramid you would have a square ... 

Figure 8: Tommy and Jenn show me that they see a square. 



27 

Tommy and I examined the same physical model of a half filled cube, but saw different 

things. Tommy saw a square, and I saw a shape approaching a regular hexagon (but clearly not a 

square). In fact, if you examine the second screenshot in Figure 8 closely, you can see that the 

beans were not precisely touching corners or edges to make a square, but were in fact clearly 

approaching a hexagon. I was able to see the hexagon easily, however, because that is what I was 

expecting to see. Tommy and Jenn did not have this expectation. The beans were an imperfect 

representation of water—they did not easily move around the cube to approximate water, and 

their largeness complicated a view of their surface. Thus, Tommy and Jenn saw a square surface. 

Jenn appeared to ignore the parts of the model that did not match her hypothesis. Karmiloff-

Smith (1988) explains that children “ignore potentially important observable data when they are 

committed to a particular theory” and that “children actually invent observables to meet their 

theoretical commitments” (p.188). In other words, Jenn and Tommy saw what they believed (as 

did I!). 

 Significant here is that the three of us looked at the same object, and yet Tommy and Jenn 

saw one shape, whereas I saw another. Because we saw different things, we made different 

inferences about the properties of the object (Abrahamson et al., 2009): Tommy and Jenn saw 

that the beans were approaching the shape of a square, while I saw beans approaching a regular 

hexagon.  
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4.2.2 “Why would water be going up and down?” 

 These images are from Class 3. The group contains four students, but two, Jason and Natali, did most of the talking during this 

vignette, and Sharon interjected occasionally. The group created a large cube out of pipe cleaners, and Jason held it up while they 

discussed what they saw. This clip took place toward the end of the period, while the students were discussing their presentation to the 

rest of the class. Note how Jason and Natali each at times represented the surface of the water using a flat hand, parallel to the table. 

However, they also point to the corners of the cube that collectively inscribe a plane that is not parallel to the table.  

   

Jason: So the shape we get is like a pyramid-- 
Natali: its like two pyramids. 
Sharon: It has reflectional -- 
Jason: Yeah... reflections symmetry.  There is the 
water side and the not water side. 
Natali: Its like putting a triangle on water...  I mean 
a pyramid on water. 

Later. 
Jason: Ok so if you tilt it this way it’s going to 
make a pyramid because water displaces 
whatever it is put into. So if you put a line from 
there to there [points to opposite vertices] and 
then from there to there [points to opposite 
vertices]. 

Natali: And then from there to there and then 
from here to there. 
 

Note that Jason’s arm, representing the water, is parallel to the table as he explains the “water side and not water side,” but the vertices that he points to are on 
a different plane. 
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Jason: Ok then you put it up! Why don’t you just 
put your hands through it and be like from here to 
there-- 

Natali, interrupting: Wait why would water be 
going up and down? 
Jason: Tilted. 
Natali: Water... it would be THAT way. 
Jason: so it would be this way. Here I'll hold it 
upwards like this.  And you guys can like put the 
line wherever you guys want to. 

Natali: So water is this way, 

   

and that way, and this way, and that way.  
Jason: So if its on this side then its gonna be only 
this way and this way. Cause the surface is the 
base of the triangle, and then the rest down here is 
the sides of the triangle or the uh pyramid. 
Natali: Yeah 

Figure 9: Jason and Natali examine a pipe-cleaner cube.
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Natali corrected Jason, saying, “Wait why would water be going up and down?” She held 

her hand parallel to the table to show him where the water plane would be. However, 

immediately she held a pipe-cleaner with her hands, pointing to the vertices where she believed 

the water would intersect. In so doing, she was no longer moving parallel to the table. Natali, 

however, does not seem to notice this discrepancy. 

Natali and Jason then pointed to four vertices that they believed the water must touch; 

immediately after showing that water would be parallel to the table (because water wouldn’t go 

“up and down”), Natali moves her arms up and down to show where the water would be! It 

appears as though Natali and Jason have the implicit theory that the water level must touch the 

vertices, and thus they seemed not to notice evidence that would disprove this implicit 

assumption. Even though Natali experienced the physical stimulus of needing to move her hands 

up and down to make the square, an act that she had already explained to be contrary to the 

nature of water, she ignored these self-generated actions, which could have constituted evidence 

for refuting her theory. 

I believe that students incur difficulty in seeing an image, such as a horizontal plane, 

“upon” or “in” an object before their eyes, when perceptual features of this object bear 

conflicting visual information. As such, these students’ mathematical challenge is to accomplish 

a complex blending of conflicting imagistic and perceptual information.  

4.2.3 Ignoring pertinent information 

 Rachel and Bridget were two students in Class 3 who had a camera focused on them 

during the whole class. When they found out they could use materials, they picked up some clay, 

pipe cleaners, a net of a cube, and some beans. Rachel proceeded to use the clay to make a cube, 

and planned to trace along the cube. When she did this, she came to the conclusion that it would 
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be a triangle or a diamond. She appeared to ignore the properties of water, however, not 

acknowledging that the water would change position when you tilt the cube. Rachel then turned 

to Bridget, who was still working on building her paper cube. When Bridget was done, the two 

filled this paper cube with beans. Rachel explained that their cube was not halfway filled, but 

nevertheless they proceeded to examine it. With the cube tilted, the students saw an isosceles 

triangle. Bridget was somewhat apprehensive of the camera and spoke very quietly, while Rachel 

was more comfortable and happily showed her work to the camera. 

 
 

Rachel traces along her clay cube, using a pipe cleaner. 
She seems to change the orientation of the cube while she 
is tracing. 

Rachel (on the left): It’s still a square, look-- 
If that’s a square that way... 
 
Places cube with face flat on table. 
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Rachel: you turn it on it’s side... it’s still a square. 
 
Rachel spins the cube. 

Bridget: [mumbling] 
Rachel: It’s just in a different... it’s just on a 
slant. 
Rachel holds her hand at a slant. 

Figure 10: Rachel shows Bridget her clay cube. 

Note here that it was not clear whether or not Rachel acknowledged that when she turned the 

cube, the position of the water would change. Her hand position appeared to demonstrate the 

square that she saw, and seemed to show that it would not be level (as water would). 

  

Rachel: You should still make that. 
Bridget: [mumbling] 
Rachel: Let’s see it on yours then. 
Bridget goes back to building a paper 
cube.  

After Bridget finishes building her cube with 
paper with a printed net and tape, Bridget 
and Rachel fill the cube with the beans that 
they already have out, and go get more 
when they don’t have enough. Rachel raises 
the cube up to eye level. 
Rachel: It’s not halfway yet. 
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Rachel and Bridget continue to examine 
their cube. 

Rachel: Ms. Benjamin! 
I walk over. 
Bridget: We figured it out. 

Figure 11: Rachel and Bridget create a paper cube filled, not quite halfway, with beans. 

Note that even though Rachel noticed that their cube was not halfway filled with water—“It’s 

not halfway yet”—the two ignored this fact as they continued to examine the cube. Figure 12 

depicts Rachel and Bridget’s demonstration to me, when they believed that they had “figured it 

out.”   

  

Rachel: So it’s not fully halfway, but if 
it’s a square there-- 

Rachel: and if you turn it on its side- you turn it 
on a vertex- it’s a triangle. 
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Me: Can you show the camera? Bridget: [difficult to hear] Like imagine it too, 
because if you tilt it the water... motions back and 
forth with hand, maybe to show water coming out 
of the cube. 
Me: Is that a triangle? I walk away 
Bridget and Rachel discuss, quickly agreeing that 
it is an isosceles triangle. This is the result that 
they present to the class. 

Figure 12: Rachel and Bridget see a triangle. 

Rachel and Bridget knew that their model of the cube was imperfect—they had not filled it 

halfway. Yet, they trusted that their model would give them the correct answer anyway. They did 

not feel the need to continue to explore the cube, because they were sufficiently convinced that if 

it was a triangle as they currently had it, then it would also be a triangle when it was actually half 

filled. This is a place, as well, where teacher actions were lacking. I could have questioned why 

they were ignoring the fact that it wasn’t filled halfway, but instead I also ignored this statement, 

and instead focused on whether or not what they were looking at was actually a triangle.  

 I have now completed presenting and analyzing two data sets that present examples both 

of students successfully engaging in mathematical analyses through modeling, and of students 

being distracted by features of the model or their own theories. In the following section, I 

examine the initial predictions presented by students in the different classes, and propose that 

these initial ideas influenced what students were able to see in their models.  
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4. 3 Early Ideas Influence Findings 

 Students initial ideas about what they believed the surface could look like influenced 

their problem solving and what they were able to find through empirical work. In the four classes 

studied, only one student (in Class 2) suggested ‘hexagon’ as an initial idea. Interestingly, Class 

2 was also the class with the most groups suggesting hexagon as their final answer (in Classes 1 

and 4, only one group each suggested hexagon, and in class 3 no groups suggested hexagon). 

 
Figure 13: Class 2 final answers from student groups. 
 

Each class was very different, with students at different levels with different 

backgrounds, making any conclusions tentative. However I propose that the initial suggestion of 

hexagon influenced the work in Class 2. Whereas in other classes students did not even entertain 

the idea that it could be a hexagon, several groups in Class 2 specifically examined this idea. 

Figure 13 shows the different final answers from each group in Class 2. Note that four out of 

seven groups considered hexagon.  

In contrast, students from Classes 3 and 4, even when they started to see a hexagon, 

dismissed it as impossible. In both classes, there were students who began to see that the 

projection of the tilted cube is a hexagon. In Figure 14, one student from Class 4 showed how he 
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noticed that if you trace around the tilted cube, it would be “in the shape of a hexagon.” He 

seemed unsure of this, and explained: “I don’t know if I’m right.”  

  

Figure 14: Tracing a cube’s hexagonal projection on a sheet of paper. 

In Class 3, one student flattened a pipe-cleaner cube that he made. As you can see in Figure 15, 

this made a hexagon.  

 
Figure 15: A flattened pipe-cleaner cube. 

However, he was reluctant to even name it as such. Even though these students saw hints of the 

hexagon, they felt unsure of their answers. This is in stark contrast to the Class 2, where students 

who saw the hints of a hexagon were convinced by this idea. Below is a model that one group in 
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Class 2 made. They pressed a wooden cube into clay about halfway up and then looked at the 

clay. 

  
Figure 16: Wooden cube pressed into clay. 
 
It is very challenging to see the hexagon here, however the group still came to the conclusion 

that it was a hexagon. It is possible that without the initial suggestion that a hexagon was a 

possibility, this group would have had much more trouble seeing the hexagon here.   

5 Discussion and Conclusions 
As a teacher planning the lesson described here, I had a strong conviction that it was 

useful to ask students to make predictions before they started to explore the question; my peers 

and mentors concurred. However, it seems in the vignettes described here that these predictions 

influence student problem solving at times for the worse. Does this imply that the students 

should have “dived” directly into the modeling activity without first proposing a prediction? 

I propose that this is not the case. Coming up with a prediction is an important first step. 

Predictions mark for both the student and the teacher the intuitive ideas students bring coming 

into the activity. It is reasonable to assume that these ideas exist whether or not students make 
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them explicit. By making them explicit, however, students and teachers have the opportunity to 

explore and challenge these ideas. 

Student work, however, shows us that their in-coming beliefs of what the models will 

show affect what they are able to see. Many of the students observed here used concrete 

modeling as a way to examine their theories, confirming Karmiloff-Smith’s assertions. Some 

students, as shown in the first set of vignettes, were able to use these models for their analyses. If 

their observations did not confirm their theories, they were able to move on and develop new 

theories and create new models that helped them continue to examine the situation. Other 

students, however, were confined by their theories, and ended up seeing what they expect to see. 

The nuanced relation between prediction and perception is important for pedagogical 

practice and thus deserves further research. However, I propose that mediating between student 

prediction and perception is the role of the teacher. If students are unable to see the errors in their 

predictions, it is the role of the teacher to point out the discrepancies. 

How well did I do as a teacher in this study, when students did not appreciate the conflict 

between prediction and perception? In many of the cases, I could have intervened. I could have 

helped Jason and Natali see that the vertices they were pointing to were not on the same plane; I 

could have encouraged Bridget and Rachel to fill their cube half way; I could have highlighted 

for Tommy and Jenn properties of the situation that I was noticing and they were not. 

Research consistently demonstrates the conceptual advantages of open-ended modeling 

activities. Yet there is not enough research on teacher strategies for supporting students through 

these modeling activities. I hope my thesis will encourage such further research. I am convinced 

that such work would be of great value to mathematics teachers. 
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6 Reflection 
Working on this project has given me a strong commitment to using modeling and 

materials in my teaching, even though I will be teaching high school, where such activities are 

rare. Informally, through my work here, I noticed that students were generally excited and 

involved in this activity. Students who were generally inactive in class actively worked on this 

problem, and were excited to pick up the media and experiment with what they could construct. 

The media gave students an immediate access point into a problem that was otherwise very 

challenging, and students were engaged in the problem solving even when they couldn’t find the 

answer. Through the work presented here, I have seen the potential power of concrete modeling 

activities for high school students and the places where challenges may occur, and I have begun 

to understand how a teacher might address these challenges.  
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APPENDIX A: Lesson Plans  

Round 1 

 
Materials: 
For students: 
-blank paper 
-paper with nets of cubes printed on them 
-scissors 
-tape/glue 
-pipe cleaners 
-play-doh/clay 
 
For end-of-class demonstration: 
-clear plastic cube 
-colored water 
 
Lesson Plan: 
 
 
Do Now 10 minutes • (unrelated to the cube problem, not videotaped) 

Introduction >5 minutes • Clear your desks 
• Explain that we will be working on a problem so that 

I can see how they work together to solve problems 
and learn from that. I will need to be able to see all 
the work that they do, so any materials, paper, etc 
they use they should save and put in the box. 

• Introduce Jasmine (Ms. Alvarez) who will be taping 
and can answer some questions 

Preliminary 

problem 

5 minutes • Explain “cube” by drawing a picture of one on the 
board. Use arrows to point to “face”, “edge”, 
“corner/vertex” 

• (draw on the board) Imagine a glass cube resting on 
one of the faces. Fill it half way with water. Look 
down on the cube. (show this by drawing eyes to 
show perspective on the board and by showing 
physically looking down on an imaginary cube.) 
What does the surface look like?  



 

• Students should notice the square. Elicit answers and 
explanations from class and discuss briefly. 

• Why is it a square? How do you know it is a square? 
• Acceptable answer: anything that uses the property of 

the cube to convince the answer – whether showing 
that it will be the exact same shape as the bottom 
face, or using an argument based on sides and angles.  

Main 

Problem 

5 minutes • What happens if I take the cube and rotate so that it is 
resting on one of its 8 corners? What will the surface 
look like now?  

• Write initial answers on index cards – silently, 
independent guess. The first thing you think of. 

• Ask students their initial thoughts. 
• Explain that their goal is to come to an agreement as 

a group and be able to explain their process. What is 
important is not that they have the right answer, but 
that they can show what they are doing to solve the 
problem. 

• Convince / prove – example – lawyer convinces a 
jury, …  

• Work on this problem in your groups.  
Working in 

groups… 

Total: 30 

minutes 

• If students ask for a cube, or a way to build a cube, 
point them to materials arranged in the back of the 
room. 

• Teachers should push students to explain their 
thinking with pictures, representations, etc but not 
confirm any answers or push any particular form of 
representation 

 After 10 

mins 

• Any groups who have not yet asked for materials 
should be pointed to the back table and encouraged to 
try using some of the materials to support their 
thinking. They may use any type of material as long 
as they are creating a representation of the situation. 

  • If groups are convinced of an answer, push extension 
questions: can they represent it in another way? Can 
they draw it on the net? 

• If groups are stuck and are not doing anything, 
encourage them to try using a different material to 

Face Edge 

Corner 



represent the cube. 
• Students should NOT be given the answer. If they 

come up with the correct answer, we should NOT 
confirm it. Any answer they come up with they 
should be pushed to convince others of effectively, 
whether or not it is the correct answer. While getting 
the correct answer is important, what is more 
important is that they are on a path of exploring the 
situation that could get them there, and that they are 
able to visualize and represent the situation. 

 After 20 

mins 

• Go around to groups and ask them to start thinking 
about how to explain their process to the class.  

• They DO NOT need to have a final answer yet, just 
explain what they are currently thinking, and what 
they have been doing as a group. 

• They can use paper under the document camera to 
present their work to the class, but should be 
presenting as a group. 

Reporting 

out 

20 minutes • Ask each group to show their work and explain their 
thinking. Remind class that they should be paying 
attention so that they can ask questions later. 

• They can use the ELMO, show their representations, 
come up as a whole group. No more than 3 minutes 
per group. 

• After 3 minutes, 1 minute of questions from the class 
• Discuss as a class whether or not we are convinced of 

a final answer: have we proved it effectively? Are we 
correct? 

• Demonstrate filling the cube with water half way, and 
then rotating. 

Start HW However 
much time 
is left 

• (unrelated to the cube problem) 

 



Round 2 

1. Materials: 
 
Based on previous data, I see three main categories of material usage: 
- building a cube 
- cutting a cube 
- tracing a cube 
- filling a cube 
Each of the available materials facilitate one or more of these uses. Materials are as 
follows: 

• Clay 
• plastic knives for cutting 
• pipe cleaners 
• blank paper 
• card stock/ construction paper 
• paper with the net of the cube printed on it 
• glue sticks 
• scissors 
• wooden cubes 
• Beans 
• markers 

Materials will be available in the back of the classroom. Students can choose which to 
use. 
 
2. Grouping 
 
Students are in heterogeneous groupings of 3 or 4. They will stay in the groups that they 
use normally. If some students do not want to be videotaped, they will join a separate 
group out of view of the camera. If attendance is low, some groups may be combined. 
 
3. Videotaping 
 
One group of 4 students in each class will have a camera focused on them for the entire 
period. In period 1, this group will be chosen by how well they work together. In pd 2 
and 5, this group will be chosen based on location (the table in the front of the room is the 
only space conducive to having a computer on the table videotaping).  
 
There will be a second floating camera (worked by Rosa during pd. 1 and 2, by me or 
Masha during pd. 5). Since the goal is to look into different uses of materials, the person 
using this camera will pay close attention to both what the group being videotaped is 
using, and what materials were videotaped in previous classes. The goal is to video tape a 
wide variety of materials. 
 
4. Facilitating 



 
Teachers can answer questions that clarify the problem, and can push students to keep 
working on the problem or work to convince others of their answer. However, they 
should not guide the problem solving in any other way. 
 
5. Plan: 
 
Introduction  Introduce Rosa, check for people who won’t be videotaped, 

complete any necessary business 

Initial Discussion 
(5 minutes) 

Draw a cube on the board. Identify vertices, edges, faces. 
 
Initial problem: The cube is half filled with water, sitting flat on a 
face. What shape does the surface of the water make? 
 
Discuss briefly. 

Introduce problem 
(3 minutes) 

Now, tilt the cube so that it is balanced on a vertex (and the tallest 
it can possibly be). Now what shape does the surface of the water 
make? 
 
Elicit some initial thoughts. Explain that their goal is to, in their 
teams: 
1. Figure out the answer 
2. Figure out how they will convince the rest of the class that they 
have the right answer. 
They may do this however they want. 

Work on the 
problem (30 
minutes) 

- If students ask for any materials, point them to the table in the 
back of the room 
- After about 5 mins, make sure all groups are aware of the 
materials available 
- After 20 minutes, remind students that they will need to present 
their “current thinking” to the class. Remind them that I don’t 
expect them to necessarily have an answer. 

Group 
Presentations (1 
min each) 

Each group gets one minute to share what they worked on with the 
class and one minute for q & a -- can put anything they made 
under doc cam. 

Answer 
demonstration 

- Show class cube cut in half 
- if time: demonstrate filling plastic cube 

Hand out HW: 
Reflection Sheets 

- Each student must complete a reflection sheet for hw. Remind 
students that this will help me with my research, and their hw 



grade will just be based on whether or not they completed it. 

 



APPENDIX B: Problem Analysis 
 

Before bringing this problem into the classroom, I worked on it with classmates, 

told it to several friends to see how they would approach it, and examined various 

directions that one could take the problem. What follows is my analysis of the problem 

and all of the different ways that I expected students might take the problem. This was 

completed in order to prepare for the lesson. 

Common initial answers: 

When I have presented this problem to others, I have heard four common initial 

answers: A square, a triangle, a rectangle, and a hexagon. I will analyze each here. 

Square: Students who initially think that the surface is a square may be mis-

interpreting the question. They may not understand that the cube is balanced on a vertex. 

Alternatively students might expect that because a cube is made up of squares on all 

sides, that the surface of the water must be a square as well. Students who understand the 

question but still believe that the surface is a square are likely not visualizing the cube 

correctly. 

Triangle: Students who think of a triangle are likely considering the pyramid 

formed by the bottom and top corners of the tilted cube. At this point they are likely 

considering the slices (cross-sections) of the tilted cube, but may not be considering 

exactly where halfway is. They may be having trouble visualizing the entire cube and be 

holding on to the part of the cube that they are able to visualize. 

Rectangle: Students who think of a rectangle are likely misinterpreting the 

question. They may be visualizing the cube resting on an edge as opposed to a vertex. 



Alternatively, they may realize that the answer won’t be a square, but still be stuck in the 

mindset of a four sided figure. Students who are committed to a theory may have trouble 

observing contradictions to it (Karmiloff-Smith, 1988) and thus may not progress beyond 

their initial inclinations. 

Hexagon: Students who initially think of a hexagon are likely very comfortable 

with visualizing the tilted cube. They may be influenced by the knowledge that there are 

6 surfaces on the cube and realize that the outline of the surface will touch each side of 

the cube. Some people who realize quickly that the surface is a hexagon visualize the 

cube by using their hands to show two offset pyramids with a small amount of space in 

the middle. This is the correct answer 

Calculations 

While this is primarily a visualization problem, many students may try to look for 

numbers to help them understand the problem.  This strategy is unlikely to get them to a 

specific answer. Students can observe 

some measures of lines using the 

Pythagorean theorem, eventually finding 

the length of the diagonal from the 

bottom vertex to the top ( ) where x 

is the length of an edge of the cube, see 

figure 1). 

Notice that if an edge of the cube 

is length x, than the red line is length 

 and the blue line is length . This means that halfway up the blue line is . 



Students may also note that the volume of a cube is  and thus the volume of the 

water is . This also is unlikely to go anywhere productive. 

Models 

Once students have grasped the problem, they are likely to want to make a model 

of a cube in order to explore the cross sections. At this point, they should be encouraged 

to go in whatever direction seems most natural to them. They should be made aware of 

the materials present in the room that can help them if they so choose, but be encouraged 

to decide what they want FIRST (as in, not just go look for something helpful, but have 

an idea of what they think would be helpful). If they try one type of model but don’t find 

it useful, they can be encouraged to try something different. Materials available will be 

both blank paper and paper with a net of a cube printed on it, scissors, rulers, tape/glue, 

pipe cleaners, popsicle sticks, play-doh/clay, and plastic knives; in the first round, 

students also used some milk cartons and water that they had in the room already, in the 

second round students also had available a bucket of beans and some small wooden 

cubes, but no water. If students want to build a cube using paper but are having trouble 

doing this without assistance, they can be supported in building one using the net. 

Basically, the idea with this problem is for students to develop their special visualization 

skills. To that end, they should not be too heavily guided towards any particular method 

of modeling, but allowed to select the one that appeals to them and then make it work for 

them, or chose to switch to another. With clay or paper constructions, they can mark the 

outline of the hexagon on the outside of the cube and then cut it in half to easily visualize 

the answer. However, if students choose to use clay or play-doh to model the cube and 

then try to cut it, they may struggle cutting precisely. 



Confirming their answer 

After students have come up 

with a conjecture about what the 

surface will look like, they will need 

to be able to argue their point 

convincingly. To do this and to help 

students visualize the problem, they 

will have access to paper, scissors, 

nets of cubes, clay or play-doh, pipe 

cleaners, rulers, tape, etc. Students are 

likely to build a concrete model of a 

cube to convince themselves and their teammates of their answer. With the concrete 

model, it is relatively simple to see that the shape cannot be a triangle, square, or a 

rectangle. One possible question to ask students to help them visualize the surface of the 

water is how the surface looks as the water level rises (ie while you pour water into the 

tilted cube). Students should notice that at first the shape will be a triangle, followed by a 

hexagon, a regular hexagon at the halfway point, and then back to a non-regular hexagon 

and a triangle (see figure 2). If you stop at the point where the surface turns from a 

triangle to a hexagon, you have a pyramid. Students might attempt to find the volume of 

this pyramid to compare it to the volume of the cube. The volume of a pyramid is 

1/3(area of the base)x height. Finding the area of the base of the pyramid is a very 

difficult task. Since you can take any triangle to be the base, you can consider it as half of 



one side - . However, then finding the height from there is also very difficult. Either way 

students will likely find this task too difficult and not proceed from there. 

If students have come to the conclusion that the surface will be a hexagon, one 

way for them to argue that the hexagon as at the halfway point is to look at the path from 

the bottom vertex to the top vertex. If you imagine the water rising from the bottom 

vertex, it will follow three edges to travel up to the top vertex. The mid point of the 

middle edge is the halfway point. If you find this midpoint for the 6 paths up the 

hexagon, you will have the vertices for your hexagon. 

Students may choose to construct a cube and then draw on it or cut it in half to 

solve this problem or to present their solutions. See appendix B for some models made by 

me and other exploring this problem. 

If students are convinced that the surface will be something other than a hexagon, 

it is important to push them to really explain and show why they think their answer is 

correct. They can do this by building a model or in some other way. 

Extension Questions 

There are several different places that this question can go after students have 

completed an initial solution. Below are some potential questions. 

! How would you convince someone who disagreed with you about your answer? 

" Students may choose to answer this by using a variety of different models 

to show their answer. They should be encouraged to use a method of 

representation that they have not used yet. 



! Have each member of the group draw the outline of the hexagon on the net of the 

cube. Do they all look the same?  Why can they look different? What do you 

notice? (See Appendix C for a sample net) 

" Students may do this by building a cube using a net, drawing the hexagon 

on the outside, and then unfolding the cube. Some students may be able to 

do this by looking at the net and visualizing it folded into the cube. An 

important thing for them to note is where on the net they are using as their 

bottom and top vertices. Students who are very comfortable with nets of 

cubes should be encouraged to try this on several different nets, or using 

different points as the bottom vertex and then compare the different 

pictures. As a follow up, give students a paper with several different nets 

of cubes on it. Ask them to draw the hexagon on each one and make 

observations about how they look. They should notice straight lines on 

each one, but in different places. 



APPENDIX C: Johnny’s Paper 
 

 

 

 

 

 

 

 

 

 

 

 



APPENDIX D: Assorted Student Models 

  

 

  

 

  

 

 


