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1 INTRODUCTION 

1.1 Abstract 

This thesis examines student–teacher interactions around technology-based activities 
designed to mediate the development of mathematics reasoning. The thesis was conducted in the 
context of a design-based research project that investigated the pedagogical potential of the 
Mathematics Imagery Trainer for Proportion, tablet version (Embodied Design Research 
Laboratory; Abrahamson, Director). I present and discuss findings from two studies: a pilot with 
3 volunteering students, and two classroom implementations with a total of 34 students. The pilot 
alerted the research team to a general principle: Students’ medium-specific informal cultural 
practices predict their forms of engagement with classroom activities in those media. Therefore, 
it is incumbent upon educators to become familiar with those informal practices if they wish to 
use those media. The classroom implementation utilized the same digital artifact but followed a 
modified activity design that was intended to align better with the cultural practices elicited in 
the pilot. Audio–video footage gathered during this implementation serve us in evaluating 
productive forms of engagement with digital media. In particular, the thesis draws on 
Brousseau’s (1997) theory of didactical situations so as to characterize micro-events of content 
learning as student appropriation of agency in the problem-solving process. For example, on two 
independent instances student groups sought a concrete ruler to measure the lengths of virtual 
bars on the tablet screen. Shortly after, these students realized that a virtual gridline, an optional 
feature in the interface toolkit, would enable them to measure the bars. Thus students assumed 
initiative, agency, and authority in mathematizing available artifacts in support of accomplishing 
activity goals. In so doing, the students were able to determine and articulate latent quantitative 
relationship among magnitudes on the digital interface, in line with the educators’ instructional 
objectives. The paper ends with speculations on how these apparently productive forms of 
engagement might be fostered more generally by practicing classroom teachers. 
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1.2 Background & Motivation 

Technology is a new kind of Trojan Horse: the educator introduces into the classroom familiar tools, 
practices and technologies, yet embedded in this familiarity is a potential for affective and conceptual 
change – a beneficial potential that surreptitiously permeates the classroom atmosphere through a sequence 
of displacements mediated by the experienced teacher. (Blikstein, 2008) 

Technology is increasingly ubiquitous due to the accessibility and affordability of 

computational devices. However, the types of devices that students interact with inside and 

outside of school are increasingly asymmetrical. For example, a student who plays tablet video 

games at home might only use a graphing calculator in her mathematics class. In terms of 

Human Computer Interaction (HCI) principles, calculators and tablets are generations apart. 

Tablets are Natural User Interface (NUI) devices optimized for physical and cognitive 

ergonomics by allowing for direct manipulation of virtual objects with the user’s hands. 

Calculators, because they have no mouse controller, are pre- Graphical User Interface (GUI). In 

this sense, the norms of technological use can be widely different from the formal classroom 

environment to the informal setting of the home. 

In an attempt to leverage the unique affordances of NUI devices in mathematics 

classrooms, we implemented a design for proportions as a tablet application (iPad). We were 

hoping to capitalize on the engagement that this familiar embodied-learning device might elicit 

from our new generation of students. Having previously investigated our design as a modified 

Wii-mote application, we had already seen the unique affordances that technology allows for 

embodied-design proportional learning activities. 

What we had not—though arguably should have—anticipated, were the effects of our 

students’ prior experiences with iPads on how they would interact with them in class. iPads (and 

devices in general) are cultural artifacts; in becoming textured into our ways of doing and 

thinking, artifacts also come to implicitly cue particular interaction schemes and norms. Thus, 
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incorporating technology into the classroom context results in more than simply importing an 

object per se: we import any implicit cultural practices and expectations coming from students’ 

previous experiences with these technological media. As it turns out, the implicit importation of 

these latent schemas from students’ informal environments results in non-trivial implications for 

the facilitation of classroom activities with digital media. Understanding the potential challenges 

and opportunities inherent in students’ digital schemas, I believe, could inform teachers’ 

instructional methodology. The objective of this thesis is to frame and expose these tradeoffs so 

as to articulate productive implications for professional practice. I will argue for pedagogical 

design and classroom culture that benefits from, rather than oppresses, students’ informal 

technological intuitions. Building on the work of Guy Brousseau (1997), I will argue for 

classroom practices that enable students to leverage their digital norms in appropriating 

mathematical instruments. 

In what follows, I first describe the background design process that led to our iPad 

application and then lay out the essence of Brousseau’s framework of didactical situations 

(Chapter 1). Next, I report on findings from empirical implementations that served me as data 

sources for this thesis: Study 1 is a small pilot study with 3 students (Chapter 2), and Study 2 

consisted of two periods of 9th grade Algebra support classrooms (Chapter 3).  

Ultimately, I am investigating pedagogical practices for the effective facilitation of 

mathematics activities utilizing current technology. As new technologies emerge, teachers are 

constantly faced with unanticipated classroom phenomena resulting from new interaction 

affordances that challenge our implicit beliefs about knowledge, authority, and access. Study 1 

starkly demonstrates one type of challenge presented by students’ particular facility with 

touchscreen interactive devices, namely that their unconstrained exploration of the interface may 
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undermine the educator’s theory-driven activity sequence. Study 2 then demonstrates how an 

activity re-design with essentially the same device created opportunities for facilitation that 

embraced students’ interaction norms and leveraged these norms as a means of conferring upon 

the students mathematical agency. 

As a pre-service mathematics teacher who is also a member of a design-based research 

team, I attempt to reconcile these intricate theory-meets-practice issues from a unique vantage 

point. In particular, I draw theoretically and empirically grounded inferences for interleaving 

future affordances into classroom practice. Given culturally sensitive facilitation, I argue, 

students may appropriate the mathematizing process in line with the teacher’s agenda. 

1.3 Embodied Design-Based Research Project on Proportional Reasoning 

1.3.1 Background. The Mathematical Imagery Trainer for Proportion (MIT–P) is an 

embodied-learning device designed to enable students to physically discover and experience 

proportion. The guiding pedagogical rationale, which we elaborated on in previous peer-

reviewed journal and conference proceedings publications (e.g. Abrahamson & Trninic, 2011), is 

that students’ learning of proportional equivalence should be rooted in perceptual sensation. 

Namely, the ideas that we hoped to make physically salient for students were proportional 

equivalence and how proportional reasoning is related to but differs from additive reasoning. We 

wanted this physical salience to occur before students interacted with parts of the design that 

involved normative notations and representations (numbers, grids, axes, etc.). Students would 

then progressively signify their new operatory schema. 

Current mathematics curriculum adheres to procedural presentations of the proportions 

subject matter content. For example, the curriculum of Gordon-Holliday (2008) offers the 

concept of proportionality in the form of algorithms applied to symbolic notations: to determine 

the proportionality of two fractions or ratios, students are to apply calculations so as to evaluate 
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for a uniform scalar (i.e. finding ! in the following equation: !! !
!"
!" . Foster, Rath & Winters 

(1986), another common California mathematics textbook, defines an equation and introduces 

the cross-multiplication verification method (i.e. “If !! !
!
!, then !"! ! !!"!”). More critically, 

students who participate in classroom activities emanating from these curricula are not afforded 

opportunities to build crucially upon their previous knowledge. That is, they never experience 

cognitive dissonance as they attempt to treat proportional equivalence as absolute equivalence 

(the infamous “additive mindset”). Consequently, students never experience opportunities to 

ground the essential notions of proportion, resulting in poor understanding of rational numbers 

(e.g., Post et al, 1993; Lamon, 2007). 

In response, our design principle was to create an interactive environment in which 

equivalent fractions could be felt as equivalent, even as scaled magnitudes corresponding to the 

numerator and denominator changed by non-equivalent intervals. For example, a student would 

move from 2/3 to 4/6 by adding 2 to the numerator and 3 to the denominator yet experience some 

sensory constancy that grounds the equivalency of the fractions. 

In order to create this experience, we decided to treat the numerator and denominator as: 

(a) continuously-accumulating;  (b) parallel to each other; and (c) both positioned vertically. 

Using continuous (rather than discrete) quantities would enable students initially to perform 

natural physical gestures. Parallel motion would enable us to measure both actions 

simultaneously along the same axis so as to facilitate comparison. The vertical axis was chosen 

because it was more ergonomic than the horizontal for bimanual motion and because it did not 

privilege one hand over the other. In particular, we wanted students to appreciate that in order to 

generate equivalent fractions, their hands needed to move at different speeds. The appropriate 

speed differential would lead to an increase in the interval between the hands (the arithmetic 
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difference between the increasing quantities) as students simultaneously “added” to their 

numerator and denominator. The MIT-P evolved through three instantiations, as follows.  

1.3.2 MIT-1 mechanical instantiation. First, we created a physical prototype, a 

mechanical pulley system (MIT-P 1, Figure 1, below), to help our design group concretize our 

emerging design concept. We quickly understood that the interaction constraints of this 

prototype system imposed fatal pedagogical limitations. MIT-P 1 did not afford opportunities to 

learn proportion, because the participant was a passive recipient of proportional hand elevation. 

Pedagogically speaking, the learner had no agency in discovering a new operatory schema 

(Abrahamson & Howison, 2010). 

  
a. b. 

Figure 1. A mechanical prototype of the MIT-P. In her seat, the student holds lightly onto 
two weights that are moving up at different rates. The tutor rotates a handle to ensure that the 

students’ hands rise at a 2:3 ratio in respect to the surface. 

1.3.3 MIT-2 Wii-mote instantiation. Second, we built MIT-P 2, a motion-sensor Wii-mote 

device (see Figure 2). Users controlled virtual objects on a computer screen remotely. Gradually, 

grids and numerals were interpolated into the environment as frames of reference to support the 
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didactical process of progressive mathematization. In particular, the interpolated symbolic 

artifacts were to steer students to articulate their embodied know-how in mathematical register. 

    

a. b. c. d. 

Figure 2. Interactive activity sequence with MIT-P 2 in a 1:2 ratio, so that the right hand 
needs to be twice as high along the monitor as the left hand. A schematic interaction sequence: 
(a) incorrect performance (red feedback); (b) almost correct performance (yellow); (c) correct 

performance (green); and (d) another instance of correct performance (green). 

Our investigations of student learning in this environment, working with over twenty 

Grade 4-6 individual and paired students, supported our design conjecture and, moreover, 

enabled us to articulate human and machine factors supportive of discovery learning (see 

Reinholz, Trninic, Howison, & Abrahamson, 2010; Abrahamson, Trninic, Gutiérrez, Huth, & 

Lee, 2011; Abrahamson, Gutiérrez, Charoenying, Negrete, & Bumbacher, 2012; Abrahamson, 

Gutiérrez, Lee, & Negrete, 2012). Moreover, the design was replicated in a controlled study with 

over 100 high-school students, in which the intervention participants were actively manipulating 

the MIT-P 2 in a whole-class activity. Those participants in the intervention demonstrated 

superior conceptual understanding as compared to the control participants in the study who only 

watched a video of students interacting with the MIT-P 2 (Petrick, 2012). While Petrick’s study 

was a promising finding for scaling the MIT-P 2 toward classroom implementation, we were 

looking for a new technological medium that would let us share this design more broadly. 

In MIT-P 2, the interviewer—not the learner—controlled the environment’s interactional 

tools and settings. We will dwell on this design dimension, because it proved dramatically 

important in the next iteration of the MIT-P. The researcher–interviewer used their own laptop 
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computer to control all features of the display, including the target ratio and the available 

mathematical instruments. For example, the student would move their hands up and down in an 

attempt to cause the color of a large screen to turn from red to green (see Figure 2, above). Green 

indicated to us that the students’ hands were above the desk at distances that corresponded with 

the target ratio. For example, if the ratio were set at 2:3 on the researcher’s laptop console, then 

the student’s screen would turn green if the student held the hands at 6 and 9 inches above the 

desk. Operating the console, only the researcher had access to interface functions by which to 

illuminate the grid and numerals on student’s large screen. The researchers’ interview protocol 

indicated precise criteria for when to illuminate the grid and, later, the numerals. The interviewer 

would not bring up the grid until the student had stated to the effect of, “The higher your hands 

go, the bigger the distance between them.” This way, we could ensure that the student had 

encountered and resolved a cognitive dissonance between additive-only and multiplicative forms 

of reasoning and had articulated the resolution orally. Only then would we superimpose 

mathematical instruments that would carry the child through to describing their operatory 

schema multiplicatively. As such, the interview protocol was a critical means by which to ensure 

that the child’s experience would instantiate our design rationale. 

1.3.4 MIT-P 3 touchscreen tablet instantiation. Third, we implemented the MIT-P design 

in iOS on an iPad (graciously built by Terasoft1). The MIT–P 3 iPad application is intended to 

support mathematics teachers or tutors in facilitating discovery-based instruction of proportion. It 

is not designed to be a stand-alone activity; rather we expect that a teacher and students 

participate actively with the technology. When students activate this application, they encounter 

                                                
1 Free download at Apple App Sore:  
https://itunes.apple.com/au/app/mathematical-imagery-trainer/id563185943?mt=8&ign-
mpt=uo%3D2  
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a screen with two red vertical bars, whereupon the instructor challenges them to “make the bars 

green” (see Figure 3a). Unknown to the student, the bars will stay green only when their relative 

heights correspond to a pre-set ratio, such as 1:2. There are interface functionalities for 

controlling the performance tolerance (see EASY-MEDIUM-HARD slider in the top-left of the 

screenshots in Figures 3a & 3b). Other widgets control the selection of new ratio challenges (see 

the I-II-III-IV dial in Figures 3a & 3b). In accord with the progressive-mathematization protocol 

we had used with Wii-mote version, the iPad version has different interaction “modes” 

consisting of gridlines, numerals, and a ratio-table (see the A-B-C-D buttons on the bottom-left 

of Figure 3a & 3b). The ratio table in Mode D, which we call the “driver,” enables users to input 

a set of four number pairs that each, in turn, control a pair of shapes (pentagon, square, triangle 

and circle; see Figure 3b). Finally, a Settings button enables the user to go “under the hood” and 

change the ratio settings of the four 1-II-III-IV challenges (see Figure 3c). Not shown in Figure 3 

are further information pages, one with an overview of the design and another with detailed 

suggestions for teachers to use the design with their classroom students. 

 
a. 

 
b. 

 
c. 

Figure 3. Three phases of the interaction with MIT–P 3—iPad application. (a) Mode A 
with two bars which turn green when their relative heights correspond to a hidden ratio. (b) 

Mode D with gridlines, numerals and a ratio-table, (c) The settings page to modify ratios and 
other interaction features. 
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Incorporating this new design into the classroom had unexpected consequences, which I 

report in later sections. My analysis of these unexpected consequences as well as their 

educational implications will be through the lens of Brousseau (1997). 

1.4 Didactical Contract: a Theoretical Construct as a Lens onto Classroom Practices 

We give the name ‘didactical contract’ to the set of (specific) 

behaviors of the teacher which are expected by the student and the 

set of behaviors of the student which are expected by the teacher. 

(Brousseau & Warfield, 1999, p. 87) 

Brousseau (1997) argues that mathematics can be taught by placing students in 

appropriate situations. Specifically, a situation has the following three components: 

! action—the direct interaction between materials, problem, students, and teacher;  

! formulation—students felt need to articulate specific ideas; and  

! validation—students convince someone (or themselves) of the validity of their 

formulated ideas. 

Critical to the pedagogical effectiveness of these situations is the process of devolution. 

Devolution describes the transfer of authority from the teacher to the student. The central idea of 

a situation is that students assume agency by accessing their existing knowledge to solve a 

problem. In the absence of devolution, a student acts in response to her teacher’s authority. So 

doing, the student cannot accept the presented situation, and hence she will not learn. Devolution 

is critical to any didactical situation.  

The critical role of appropriation in learning is not unique to Brousseau but rather is 

central to other European pedagogical frameworks, such as didactical phenomenology: 
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Our cultural assets are too dangerous to be offered the youth as ready-made material. 

The instruction we provide should create the opportunity for youth to acquire the 

cultural heritage by their own activity. They should learn that the self-reliance they 

claim elsewhere extends to their own role in the learning process. (Freudenthal, 1971, 

p. 415) 

The theory of didactical situations, and in particular the construct of devolution, may serve as a 

powerful analytic lens onto the challenges and opportunities of digitally enhanced classrooms. In 

later sections, I will be applying this lens to interpret empirical data from the pilot and classroom 

implementations of the MIT-P 3 for iPad tablet. 

2 STUDY ONE: PILOT 

2.1 Methods  

Participants. Three volunteering students from Co-Researcher Rosa Lee’s school site 

participated in the study. As identified by their teacher’s gradebook, Clarissa and Brian are low-

achieving students in their geometry class, and Kayla is a medium-achieving student (refer to 

Figure 4 for students; all names used in this this are pseudonyms). 

Materials. Students interacted with one iPad using the MIT-P 3 application.  

Procedure. The interview followed the same semi-structured protocol from a previous 

study with MIT-P 2 (Abrahamson & Howison, 2010). The author (Negrete) facilitated the 

interview in a quite room within the school facility, during the students’ lunch break. The 

interview lasted 25 minutes. 

Data Gathered. I collected video footage of the interview, screenshots, and field notes. 

Data Analysis. The research team (Embodied Deign Research Laboratory; Abrahamson, 

Director) collaboratively engaged in reflective micro-ethnographic qualitative analysis in an 
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attempt to interpret the children’s actions and utterances. In particular we attended to how 

specific features of the digital artifact bore on the children’s multimodal behaviors and insight 

(Nemirovsky, 2011; Schoenfeld, Smith, & Arcavi, 1991; Siegler & Crowley, 1991; Parnafes & 

diSessa, 2013). Gradually, we detected moments across the video footage that appeared to 

capture similar phenomena. It is thus that students’ digital-interaction norms emerged as 

explanatory of their behaviors. 

This modest study bears inherent methodological limitations, and therefore its findings 

should be treated with care. Following Goldin (2000), I view this study as “explorative.” 

Whereas I thus will not be able to claim that my conclusions are valid and broadly generalizable, 

I suspect that fellow practitioners will recognize my characterizations of students’ behaviors as 

ringing true. These colleagues could potentially avail of my framings so as to make sense of 

similar issues in their own work (diSessa & Cobb, 2004). 

2.2 Results and discussion 

  

Figure 4: Three volunteering 9th grade students (from left to right, Kayla, Brian and 
Clarissa) working with MIT–P 3. 

The goal of the pilot study was to explore how students engage with the iPad activity (see 

Figure 4). According to the results from this pilot study, we incorporated future changes in the 

classroom implementation protocol. Unexpectedly during the interview, students began 
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accessing the technology in a way that I, the researcher, had not previously considered. The pilot 

alerted our research team to a general principle: Students' medium-specific informal cultural 

practices predict their forms of engagement with classroom activities in those media. I selected 

the following two episodes to highlight the following arguments: (1) students engaged with the 

artifact in ways that diverged from the tutor’s agenda; and (2) the divergence between the tutor’s 

agenda and the students’ behaviors resulted from an implicit disparity in interaction norms 

around technological media. 

2.2.1 Episode 1. Students Selecting Mathematical Artifacts Outside of Protocol 

In this first episode, the students have interacted with MIT-P 3 for about one minute and 

have made a single stationary green in Mode A. Prompted to make another green, Kayla, a 

middle-achieving student, began selecting all the available buttons on the iPad screen, one after 

the other, thus changing the states of the MIT–P through B, C, and D in Challenge I (i.e. 1:2 

ratio). The other students watched avidly on. When Clarissa says, “go back,” Kayla reverted to 

mode C (grid and numerals). Kayla’s curiosity with the buttons on the left hand side resulted in 

the following dialogue. 

Researcher Andrea (A), Clarissa (C), Brian (B), Kayla (K): 
A: What are you noticing [about making the bars green]? 
C: One [left bar] goes, when it goes lower it turns green and the other one [right bar] 

goes higher it turns green. As long as they’re at the// 
B: //I think it doubles the number. 
A: What do you mean by you think that it doubles the number? 
B: I think that if this is on 20 [left bar] and this is on 40 [right bar] it would be green.  
A: Try it. 
K: So this one [right bar] is 30 and that one [left bar] is 15. 
C: Oh. 

 
This episode serves as an example of how students’ medium-specific informal cultural 

practices actually impeded the opportunities for rich problem-solving that would have been 

afforded with a more structured protocol. Clarissa begins trying to explain that the lower one bar 
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goes, the higher the other bar has to go. In previous studies, this strategy was referred to as 

Changing-Interval (Abrahamson, Gutiérrez, Lee & Negrete 2012; and see Figure 7b, later in this 

thesis). The articulation of this strategy by a student signaled the interviewer to interpolate a 

measuring tool into the visual environment—a Cartesian grid, in the case of the MIT-P 2. In fact, 

a central tent of the pedagogical design had been that the symbolic artifacts are introduced into 

the problem space only after students articulate their reasoning in their own simple terms 

(Abrahamson, Trninic, Gutiérrez, Huth & Lee, 2011). From the designers’ perspective, Brian’s 

articulation of a “doubling” strategy mobilized the students’ discussion prematurely toward 

quantitative symbolic articulations, thus robbing Clarissa of an opportunity to fully articulate her 

qualitative observation. 

Furthermore, the students remained in Mode C for the rest of the interview and as a result 

never explored other modes, each of which had been designed as bearing critical pedagogical 

potential for grounded conceptual integration of proportion. In particular, students did not have a 

chance to develop their non-numerical understandings, which should have grounded the 

multiplicative solutions strategies. This episode thus illuminated the necessity of anticipating 

students’ preexisting digital-cultural norms, because these norms shape students’ engagement 

with digital media such as tablets. The devolution of authority thus lacked in congruence between 

the instructor’s intended learning trajectory and the students’ appropriated route. 

Having discussed a challenge that we encountered during the pilot intervention of the 

MIT-P 3, we now turn to discussing an opportunity we witnessed during that same session.  

2.2.2 Episode 2. Kayla’s Rule 

Episode 2 demonstrates how the digital device created an opportunity for the instructor to 

support a student’s inferential reasoning. The students were in Mode D, in which the interface 

features a ratio table with placeholders for inputting four number pairs (see Figure 3c). The target 
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ratio was set at 2:5. Whereas three of the coordinate pairs resulted in a green screen, one of the 

pairs did not. In the transcript below, the students were prompted to explain this anomaly. 

Researcher Andrea (A), Kayla (K) 
A: What is the rule that’s going on here? What is making these ones green [ (2,5); (16, 

40); (12,30) ] and this one [ (6, 10) ], we can’t make that one green? 
K: 2 plus 2 is 4 plus 1 is 5. 16 plus 16 equals 32 [unintelligible] 8... 
A: Okay. [short pause] But before we were doing// 
K: //Wait, okay, um, so there is 12 plus 12 is 24 plus 6 equals 30, and 6 is half of 12. So, 

12 plus 12 plus half of itself. 
A: Huh, so that’s 6 plus, how would you do 6 then? 
K: Well, 6 plus 6 would be, um 12, plus, um, 3. 15. 
A: Try it.  
 

Kayla inputs (6, 15) in the table and the shapes turn green. I then prompt her to explain 

her rule to the other group members. 

K: It’s the number... umm... the number plus itself, plus half of itself. So it would be, I 
guess 2 times 2 divided by 1 for that one [ (2, 5) ]. Not divided by, plus 1 is what I 
meant, well if you divide 2. So, you just take half of the first number and you add that 
to its double. 

 
Kayla’s multiplicative fluency does not yet accommodate non-integer factors, and 

therefore she cannot readily visualize the 2.5 inter-value multiplicative relation embedded in the 

ratio 2:5.  Moreover, her previous experience in the manipulation activity (A through C) may be 

implicitly reinforcing this “additive-multipicative” visualization (Fuson, Kalchman, Abrahamson 

& Izsák, 2002), by which she employs additive operations to articulate what an expert would 

view as a straightforward multiplicative relation. However, Kayla’s explanation would not have 

evolved if it were not for how the researcher primed her intuitions. The researcher: (a) asked 

Kayla what is so special about the first coordinate-pairs; (b) encouraged Kalya to verify her rule 

through an example; and (c) required Kayla to re-explain her theory to her group members. 

I argue that the researcher’s formative assessment skills made it possible to elicit Kayla’s 

multiplicative fluency even though Kayla struggled with multiplication by non-integers. This 
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initial interaction shows that the process of slowly transferring the teacher’s authority to the 

student, or the process of devolution (Brousseau, 1997), resulted in a mathematically fluent 

articulation from Kayla that was grounded in the situation’s actions and materials and addressed 

other participants to that situation. This example shows a modest version of how a student 

appropriated a form of mathematical inference in the service of accomplishing a situated task.  

2.2.3 Analysis & Discussion 

Students’ behaviors in the pilot intervention differed so greatly from what the researchers 

had anticipated, that the intended instructional procedure was derailed. In particular, the 

facilitator’s interview protocol became undone as the students initiated interactions with design 

features ahead of their scheduled introduction into the activity. The instructor’s tutorial practices 

were undermined due to the students’ overpowering control over the NUI device. 

Plausibly, some educational designers and practitioners would respond that students’ 

defiant actions should be quelled or preempted. Rather, we used the pilot findings to inform a 

modification of the design that incorporates students’ evident digital-culture norms. 

It was in analyzing these pilot data that we first became sensitized to a disparity in the 

instructor and students’ implicit expectations for how one interacts with digital media. At the 

same time, we wished to sustain in our design whatever it was that caused the students to engage 

the interface so enthusiastically. We thus sought to introduce a design modification that would 

align teacher–student expectations yet in way that enabled the students to assume agency in 

accomplishing prescribed objectives congruent with the teacher’s instructional objectives. 

Brousseau’s (1997) theory of didactical situations thus appeared as a suitable framework for 

understanding our data due to its emphasis on the devolution of authority from the teacher to the 

student. 
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From Episode 1 we learned that teachers need to frame classroom activities in ways that 

bring about productive devolution, that is, that the transfer of authority would launch students 

along progressive mathematization. From Episode 2 we learned that even as students assume 

authority in their learning process, still teachers play important roles in bringing about insight. 

Together, the pilot work suggested that an approach to design that differentiated, yet integrated 

three components: (1) materials (tablet); (2) task (problem of making the screen green); and (3) 

facilitation (encouraging devolution). More broadly, we asked: How can educators foster 

progressive mathematization? In particular, what pedagogical methodology would create 

opportunities for students to assume agency in cycles of action–formulation–validation?  

3 STUDY TWO: CLASSROOM IMPLEMENTATION 

In this chapter, I will discuss the full-scale classroom implementations with the MIT-P 3 

iPad. The classroom implementation used the same digital artifact but a modified activity design 

that was intended to align better with students’ digital practices elicited in the pilot. The activity 

redesign “flipped over” the original protocol. Recall that the original design utilized the teacher’s 

administrative authority to inch students along prescribed trajectories of progressive 

mathematization. Recall also that in the absence of enforcement measures, students had derailed 

the prescribed trajectory by using any and all of the interface features at any time. Note in 

particular that the students were acting in a legitimate, spontaneous manner in accord with their 

digital norms. They were not at all being oppositional, rambunctious, or facetious—they were 

doing what they believed was expected of them. In order to maintain this level of engagement 

yet steer students along pedagogically productive learning trajectories, we decided to keep the 

device as it was yet redefine the activity objective. Rather than frame the symbolic artifacts (grid 

and numerals) as available tools for transcending the primary task (without those frames of 
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reference), we positioned the primary task as the central goal of the activity, and we positioned 

the artifacts as tools for accomplishing this primary task. The rationale of this redefined activity 

was that students would appropriate and integrate the various mathematical instruments in 

service of learning to perform the primary task. 

3.1 Methods 

Participants. The classroom implementation took place in a small public charter school 

in the San Francisco Bay area. Co-Researcher Rosa Lee and I taught the lesson to two periods 

(approximately 70 minutes, 6th period had 18 students, 7th period had 16 students) in an algebra 

support class with host teacher Mr. Michael Lam. To protect the privacy of our participants, we 

did not collect racial demographics of either class. However, according to the state of California, 

we have the following racial demographics of the school from the 2011-2012 school year: 0.8% 

American Indian; 8.4% Asian; 1.6% Native Hawaiian; 4% Filipino; 54.6% Latino/a; 25.1% 

African American; 2% White; 1.6% Two or more races and 2% Not reported.2 

Materials. We divided the use of 6 iPads in the classroom and relied on a document 

camera to project on a screen students’ actions on the MIT-P 3 iPad. During the lesson, we had a 

PowerPoint slide presentation displayed on the classroom’s SmartBoard with prompts for the 

students during the activity. 

Procedure. The 70-minute lesson plan included four components ranging from whole-

class interaction, small (3-4 students) group activity and individual writing assessment. 

Following, we outline the lesson plan:  

1. Introduction. We introduced the MIT-P 3 iPad Activity. Rosa Lee requested a 

student volunteer to “make the bars green” in front of the class and used the 

document camera to project on the screen students’ hand movements on the iPad.  
                                                
2 http://www.ed-data.k12.ca.us/Pages/Home.aspx  
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2. Group work. Students were prompted with the instruction, “Your goal is to make 

the bars stay green the entire time in as many ways as your group can” (group 

activity). During this time, teachers and researchers floated around from group to 

group, facilitating team discussions and asking probing questions (e.g. “How do 

modes [A, B, C, D] help you make green?”).  

3. Presentation. We facilitated group presentations, where students in each group 

came up to the fron of the classroom and demonstrated how to make the bars 

green in Mode A.  

4. Discussion. We engaged in a whole-class discussion so that students share ideas 

and thoughts about strategies for making the bars green. Some of our probing 

questions were: “How did the modes help your group make green?,” “What did 

you notice about other groups’ strategies for making green?,” and “What was the 

same or different about all of these strategies?” (Due to time constraints, this class 

discussion only occurred in the 6th period.)  

5. Assessment. Students took an individual assessment (“exit-ticket”). Students 

answered two questions in written form about the activity before leaving the 

classroom. 

Data Gathered. We video-recorded the two lessons using one stationary camera on a 

focus group for each period and three floating cameras, carried by Mr. Michael Lam, Rosa Lee, 

and Mr. Luther (a graduate student not affiliated with the research lab assisting Mr. Lam’s class). 

Data Analysis. As per Study 1, we engaged in collaborative reflective micro-

ethnographic qualitative analysis as in the pilot study (Nemirovsky, 2011; Schoenfeld, Smith, & 
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Arcavi, 1991; Siegler & Crowley, 1991; Parnafes & diSessa, 2013). Similarly, we view our 

findings from this classroom study as “explorative” Goldin (2000).  

3.2 Results and Discussion 

Analysis of the data enables us to consider the effect of the redesigned protocol and 

explore productive ways of engaging students in this modified activity. In particular, the thesis 

draws on Brousseau's (1997) theory of didactical situations so as to demonstrate how students 

may experience opportunities to appropriate agency in the problem-solving process. Two 

findings will be presented: (1) analysis of teacher-facilitated group interactions (two cases); and 

(2) summary of the student presentations of their solution strategies.  

3.2.1 Can we get a ruler?  

In two separate class periods with two different facilitators, students requested a ruler to 

increase the precision with which they could measure the bars on the screen. Shortly afterwards, 

students recall that touching a button will display a digital numerical referent on the iPad screen. 

We take the two separate occasions in which this occurred as examples of how students took 

initiative toward mathematizing features of the display in the interest of achieving the goal of the 

activity (finding the “missing ratio”). In both of these cases, a devolution (Brousseau, 1997) of 

responsibility took place as students assumed mathematical agency by recognizing the 

insufficiency of their qualitative judgments of length and proportion.  

The first episode took place during the exploratory activity section of the lesson in 6th 

period with the host teacher, Mr. Michael Lam, and a group of four students. The second episode 

occurred with Researcher Rosa Lee and four students in 7th period, also during the exploratory 

activity section of the lesson.  
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3.2.1.1 6th period with host teacher, Mr. Michael Lam 

In this particular episode, four students had been interacting with the iPad application for 

approximately 10 minutes. Mr. Lam, the host teacher and co-researcher, approached the student 

group with a video camera and engaged in a dialogue about making the bars green. During this 

conversation, students articulated the ratios that turned the bars green in Challenge I and II (ratio 

1:2 and 1:3, respectively). Mr. Lam asks the group to enter into Challenge III (ratio 2:3) and 

explain how they were able to make the bars green. In the following transcript, students explain 

the proportional relationship between the bars and ask for a ruler to measure the vertical length 

of the bars. 

 

 

Figure 5: Ebony overlays a plastic ruler over the iPad screen to measure the green bars 

Javier (J), Ebony (E), Mr. Lam (L), Deja (D): 
J: So, this [right bar] is like a third. 
E: Can we get a ruler? 
J: And this [left bar] is like two-thirds. 
L: Okay, you want a ruler? 
 Ebony stands out of her seat and walks across the classroom to bring a ruler to her 

group. 
D: If you think about how the space, so it looks like this part [difference between right 

bar and left bar] has been cut off for one-fourth of it. 
 Ebony overlays the ruler in the center of the iPad screen (see Figure 5). 
L: Okay, take a look at what [Ebony] is doing.  
D: Why can’t we just use the number line thing you gave us?  

Seating Arrangement 

Javier 
(J) 

Deja 
(D) 

Tony 
(T) 

Ebony 
(E) 
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L: Where is the number line thing? 
D: Is it B or C?  
 Deja selects modes B and C on the iPad screen. 
L: Oh, okay. Alright, there you go. Alright, so now what does that tell you, how does 

that help you make sense? 
D:  It’s seven-tenths or something. 

 
In this group, the ruler is a shared frame of reference bearing the potential of mobilizing 

the students’ mathematization from a qualitative view to a quantitative view. Students are testing 

a hypothesis, engaging in formulation of a situation, about the relationship of the bars. So they 

request access to a ruler—a familiar tool for precise measurement—to participate in validation of 

this situation and justify their claim (Brousseau 1997). As shown in Figure 5, Ebony uses a ruler 

to measure the length of the bars on the iPad by laying it in the center of the screen. Although the 

teacher wanted students to use the measuring devices built into the application (Mode B, C, and 

D), this particular group requested a tool that resembled one of these devices. Deja quickly 

recognizes that her group does not need the concrete ruler because there is “the [virtual] number 

line thing” on the iPad, and so she selects B and C to bring up the horizontal gridlines and 

numerals. These lines became instrumentalized as a quantitative frame of reference for the 

students’ thinking (Vérillon & Rabardel, 1995). As a result, this shared frame of reference 

afforded students agency to mathematize the activity. From an evaluative pedagogical 

perspective, the students’ request for a concrete ruler may appear to mark that they either ignored 

or misunderstood the gridline feature of the iPad application. However from Situation analysis, 

this request marks precisely the forms of engagement required for students to appropriate the 

new cultural tools they are handed. 

Brousseau (1997) argues that the devolution, or the distribution of authority between 

teacher and students, becomes necessary for students to take responsibility of a situation. Mr. 

Lam invited, elicited, and validated students’ request for a ruler as a means to incorporate 
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students in the process of devolution (Brousseau, 1997). This situation engages students in an 

activity designed to foster proportional reasoning through attempting to accomplish a task within 

an iPad application environment. This group imports a familiar tool, the ruler, onto the virtual 

environment to help justify their claims about the bars’ multiplicative relationship. Unknown to 

the students, the teacher’s agenda is indeed for them to mathematize these virtual objects. Soon 

after, students recognize that they already have the mathematical artifact embedded in the iPad 

application. Once the gridlines are on the screen, they remove the plastic ruler. In Challenge III 

the correct ratio in is 2:3 (0.667), however the lenient tolerance setting as well as some alignment 

imprecision converge to make apparently acceptable a ratio of 7:10 (0.700). Mr. Lam then asks 

the students to go into the next challenge.  

3.2.1.2 7th period with researcher Rosa Lee 

The second group that requested a ruler consisted of four male students, Alberto, 

Michael, Daniel, and Quinell. In this episode, researcher Rosa Lee approached the group with 

her camera and asked the students to explain how to keep the bars green in Challenge II (1:3 

ratio) while staying in Mode A (no gridlines or numerals). As shown in Figure 6b, the group 

made heavy use of the bars on the iPad screen both to determine how to keep the bars green and 

in support of their verbalized hypotheses (one-third, one-fourth, and three times). In particular, 

Alberto used his pen to measure the length of the left bar with respect to the right bar. Alberto 

began by laying his pen over the left bar with his thumb and index finger marked the same length 

on his pen (see Figure 6b). He then transferred his pen with the length marked using his thumb 

and index finger to the top of the right bar and counted, “One, two, three.” This way he 

indicated, through gesture and voice, how many times the length of the left bar would fit into the 

length of the right bar. Shortly after, Michael requested a ruler: 
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Michael (M), Researcher Rosa (R), Alberto (A), Daniel (D): 
M: Can we get like a ruler or something? Oh no, wait, there is a ruler on this. 
R: Oh, you guys want a ruler. Well, where’s the ruler? You said there was a ruler.  
M: It’s on the thing 
R: It’s on the thing. Okay. 
A: Inches. 
 Alberto adjusts the number of gridlines on the screen to 20 lines. 
R: So, why did you want a ruler? 
M: Because we want to// 
D: //to measure// 
M: //We want to measure how much it’s going to take for this [gestures to left bar] to 

you know fill the rest of this [gestures to right bar]. 
 

Michael articulated that the group wanted a ruler to find out how many times the left bar can 

“fill” the right bar, even though Alberto had previously used his pen to estimate how many times 

it would fit. Although the request of the ruler was made, the students took initiatives to import a 

familiar artifact into the activity, in particular a pen. The utility of this measuring tool served a 

strong purpose for the team members to articulate a strategy of “three times” bigger in 

subsequent analysis. 

  
a. b. 

Figure 6: (a) Student participants in group from left to right, Alberto, Michael and 
Daniel, group member Quinell and researcher Rosa are not visible in the picture. (b) Alberto 

gesturing with his pen as a way of measuring the bars.  

Brousseau (1997) emphasized the pedagogical importance for students to participate in 

action, formulation and validation, in addition to taking ownership of a situation. In this episode, 

the students are constantly switching between acting through strong hand gestures, formulating 
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hypothesis and validating mathematical ideas. Similar to the case of the 6th period, in the 7th 

period Michael, Alberto, and Daniel indeed took ownership over the mathematizing process by 

requesting a measuring tool, a quantitative tool that would sever as a means of arguing for their 

working theorem. The teacher, researcher Rosa Lee, performed behaviors that allowed this form 

of devolution to occur. Specifically she validated students request for a ruler, prompted the group 

to find the digital version on the iPad screen and encouraged students to reflect on the necessity 

of a ruler. Optimal devolution presupposes a shared understanding of the task objective as a 

condition for sharing understanding over proposed means of solution.  

We now turn to explain and discuss group presentations in front of the whole classroom. 

Specifically, descriptions of selected episodes during these presentations will serve as examples 

of how a teacher’s actions introduce structures that afford opportunities to endorse a diversity of 

student strategies and how, in turn, these opportunities enable students to appropriate 

mathematics into their presentation. 

3.2.2 Summary of Student Presentations  

Student presentations focused on explaining to their classmates their strategies for 

keeping the bars green. This summary will demonstrate how presentations, which are facilitated 

classroom activity structures, enabled students to engage in mathematical discussion about 

proportional equivalence using a digital device. 

In order to explain students’ various solution strategies, I borrow a coding system we 

used in a previous MIT-P 2 study (see Figure 7; for a detailed description, see Abrahamson, 

Gutiérrez, Lee, & Negrete, 2012). In the current study, students articulated the same strategies as 

in the previous study, because the activity afforded them with opportunities to do so. Emerging 

from this discussion is the enduring criticality of teacher–student interactions in the digital age. 
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As shown in Table 1, student group presentations created opportunities for the classroom 

to consider a wide range of strategies, inferences, and theories. In his theory of didactical 

situation, Brousseau (1997) underscores formulation and validation of student ideas as a 

condition for devolution to occur. Presentations are activity structures that the teacher mandates, 

facilitates, and moderates as a means of focusing and engaging multiple students. In particular, 

the presenting students are expected to formulate solutions and argue for their validity, while the 

attentive audience evaluates the arguments and responds with constructive criticism. As such, 

presentations are forms of explicit transfer in authority from teacher to students, because the 

presenting students must own their arguments if they are to engage the audience in a culturally 

normative exchange. Presentations create a whole-classroom discursive space where the 

authority is bestowed upon the audience to judge and challenge the mathematical quality of the 

presenter’s claims. When claims are endorsed, they are endorsed by the milieu not the teacher. In 

that sense, presentations model democratic process of normative socio-mathematical practices. 

We thus argue that student presentations engage all students in the devolution process. By way of 

juxtaposition, frontal lecturing—as persuasive as its rhetoric might be—cannot create similar 

opportunities for devolution. 

All in all, five out of the eight student groups presented an explicit multiplicative pattern 

between the measured heights of the green bars. What about the remaining three groups? Groups 

can bring to the classroom presentation forum only as much as they have each discovered prior 

to the presentation. For example, Groups F and I (see Table 1) presented a ratio table with 

several coordinate pairs (see Mode D in Figure 3b). Neither group had discerned a multiplicative 

pattern prior to the presentation. Prompted by the teacher, Group I was able to explain only an 

additive pattern of “different differences” that is that the difference within each successive 
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coordinate pair is different. This perspective, too, can be a valuable contribution to the classroom 

discussion, because students would have an opportunity to juxtapose additive and multiplicative 

visualizations of the ratio table. Still, learning through discovery is a qualitatively different 

experience as compared to learning through attending to a presentation. As such, teachers should 

help groups build capacity prior to and toward the presentation, so that both they and the whole 

classroom can better avail of the milieu by engaging them more effectively in devolution.   

In summary, we are discussing relations between content learning and social interaction. 

Building on Brousseau, we view productive content learning as conditional on socio-epistemic 

agency: students at once create and own mathematical ideas, even ideas that are part of a 

discipline’s cultural-historical legacy. That is, guided re-invention is not just a cognitive 

process—it is inherently an affective and social process, the process of transferring epistemic 

authority to learners, so that they can construct, own, and argue for their inventions. To know is 

to take a social stance in the milieu as it is to develop new skill, and these social and cognitive 

factors are intrinsically intertwined. As educators, we must be conscious of devolution as a 

socio–cognitive phenomenon so that we can create opportunities for students to appropriate 

mathematics in their activity. In Chapter 5, I will summarize some scaffolding techniques for 

teachers to support devolution so that students assume agency in appropriating mathematics.  
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Fixed Interval Changing Interval Additive Multiplicative Speeds 

 
Note on abbreviations: LC = left-hand cursor; RC = right-hand cursor; ! = magnitude of interval between cursors (vertical and diagonal 
variants); v = velocity 

 
Figure 7. Student generated solution strategies for the make-the-screen-green problem (the case of a 1:2 ratio): (i) Fixed 

Interval—maintaining ! constant regardless of RC-and-LC elevation (incorrect solution); (ii) Changing Interval—modifying ! 
correlative to RC-and-LC elevation; Additive, either (iii) Co-Iterated Composite Units—both LC and RC either ascend or 

descend at respective constant values a and b (a-per-b), or (iv) LC rises by a (usually 1), RC by 1 box more than the previous 
!; (v) Multiplicative—relocating to a next “green” position as a function of the height of only one of the cursors (given LC at x 

and RC at y, 2x = y; x = " y), e.g., determining LC y-axis value, then doubling to find RC, or determining RC value, then 
halving for LC; and (vi) Speeds—LC and RC ascend/descend at different constant velocities (v1 < v2) or RC velocity is double 

LC velocity (2v1 = v2; v1 = " v2). (Abrahamson, Gutiérrez, Lee & Negrete, 2012)  
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Table 1. Student Solution Strategies Articulated During Presentation 

Per. # of 
Students Group I (1:2) II (1:3) III (2:3) IV (2:5) 

6th  4 A  Growing Distance & 
Speed     

 4 B* Multiplicative & 
Speed    

 4 C   Multiplicative  

 2 D Multiplicative & 
Speed    

 3 E Did not present    

7th  3 F    
Presented coordinate pairs: 
[8,20] [12,30]  
[16,40] 

 3 G a-per-b & 
Multiplicative    

 4 H** Multiplicative Multiplicative   

 3 I    

Growing Distance (coordinate 
pairs:  
[10,25] [14,35,]  
[12,30] [8,20]) 

 3 J Did not present    

Note: Rows are ordered chronologically, with student groups who presented first to last in each period.  
*Group B: Javier, Deja, Ebony, Tony  **Group H: Michael, Daniel, Alberto, Quinell 
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4 CONCLUSION 

Whereas Brousseau’s (1997) theory of didactical situations was developed in the pre-

digital era, it bears important principles for the digital era in terms both of designing and 

implementing mathematics learning. In particular, his construct of devolution articulates the 

epistemic role of students’ intellectual agency in appropriating knowledge, and I have 

demonstrated that this process obtains in the case of using technological devices to facilitate 

progressive mathematization. Furthermore, it is imperative that a teacher’s facilitation and use of 

technology, if it is one that is familiar to the students already, should capitalize on a students’ 

prior cultural interactional norms, rather than run counter to them. By exercising agency that the 

teacher has provided a space for, students can construct situated meanings for cultural tools, such 

as mathematical instruments embedded into digital instructional artifacts. 

Equally important to offering students mathematical forms, therefore, is creating 

opportunities for the students to need these forms. Groups of students can engage effectively in 

collaborative problem-solving by distributing elements of the appropriation process across group 

members, where some members have information about the availability of the forms and the 

others express the needs. 

Moreover, the pedagogical objective of progressive mathematization does not necessary 

imply a design solution of activity sequencing. That is, effective student groups do not need to be 

“spoon fed” one mathematical tool after the other in accord with the designer’s envisioned 

learning trajectory. Rather, the principle of devolution implies that students should assume 

agency in realizing the designer’s learning trajectory. Student groups can take ownership over 

their own learning trajectory using digital media via a twofold and overlapping inquiry process. 
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Namely, students: (1) explore the digital artifact to discover its many features; and (2) work on 

the assigned problem, during which they experience authentic need for these features. 

5 IMPLICATIONS FOR TEACHING 

If students are capable of realizing their own learning trajectories using digital media, 

what is the role of the teacher in a technologically enhanced classroom? Do digital media obviate 

the need for a teacher? This is not the case, we still need teachers; but it becomes the teacher’s 

role to mobilize and steer the group activity towards a pedagogical and mathematical goal. In 

line with Brousseau’s (1997) theory, the teacher takes measures to facilitate the shifting of 

authority over to the students. Along with scaffolding the exploration, we provided a short list of 

several types of interventional tactics teachers could employ, with a particular attention to the 

case of digital media. We note strong parallels to Brousseau’s (1997) action-formulation-

validation cycle and look at teacher practices that support this cycle without robbing students of 

their agency in this cycle. 

Inviting. The teacher frames and introduces the lesson task. As a result, students attempt 

various actions to accomplish the task. 

Eliciting. As students experiment with various actions, the teacher ask them to explain 

their reasoning and encourages group members to engage in conversation about these actions. 

Prompting. When students first express a need for a mathematical activity (e.g., 

measuring), the teacher helps the students determine whether they know of a suitable 

mathematical instrument (e.g., ruler). 

Validating. When students first express a need for a mathematical activity or specific 

instrument, teachers should validate this general form of mathematical activity. 
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Elaborating. When students enact solution strategies using mathematical instruments, 

teachers should request students to describe and articulate any formulated mathematics ideas. 

Reflection. When students articulate a specific strategy or request an artifact, the teacher 

poses a new question to focus the student on reflecting through their own articulated ideas. 

I believe that interweaving these tactics and particular mathematical activities into the 

classroom can provide contexts for students to extend their mathematical learning. More so, I 

call educators and researchers to continue their collaboration in creating designs that allow 

students to ground mathematics in physical actions on artifacts. Doing so, we will create 

opportunities for students to ground their mathematical knowledge and take agency in their 

learning. 
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