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This constructivist study investigated an innovative diagrammatical model designed for 

students to ground the meaning of the standard fraction-multiplication numerical solution 

procedure in their empirically elicited fluency with: (a) part-to-whole fraction structures; and 

(b) multiplication as an arithmetic operation between two discrete factors. Seven middle-

school students learned through one-to-one tutoring to interpret the operation as ‘part-to-part-

to-whole.’ I evaluate students’ constructions, understandings, and challenges.  
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Abstract 

A major concern of mathematics education has been whether students ever develop meaning 

for the concepts they learn beyond studying and executing rules and procedures for carrying 

out solutions. This paper describes a design-based research project that developed an 

innovative diagrammatic model intended to help students understand the underlying logic of 

the standard fraction-multiplication solution procedure (a/b * c/d = a*c / b*d), which students 

normatively execute well yet without any understanding for its rationale. Specifically, the 

model was designed to help students ground the meaning of the fraction-multiplication 

numerical solution procedure in their in-coming understandings of fractions, multiplication, 

and fraction multiplication. The model was developed in line with design frameworks 

informed by constructivist pedagogical philosophy: I performed a domain analysis and 

literature review  of previously proposed designs so as to anticipate students’ potential 

challenges; I sought to identify students’ in-coming knowledge pertaining to the target 

content by conducting preliminary interviews; and then I responded with a design, the two-

number-line fraction-multiplication model, that is attuned to this elicited knowledge base. In 

this paper, I explain the rationale and methodology of the project and present and analyze 

results from an empirical study designed to evaluate the potential of my proposed model to 

foster students’ development of the target knowledge. I was particularly interested in eliciting 

and articulating students’ understandings and difficulties in operating the model and how 

these behaviors were related to students’ eventual learning gains, which I measured. By and 

large, the 7 middle-school participant students in the half-hour individual tutoring sessions 

made sense of the canonical fraction-multiplication algorithm upon learning and constructing 

the proposed model, and some students spontaneously expressed gratification in 

understanding the rationale of this procedure for the first time. The study contributes a new 

and viable model that, given further research and development, could constitute the basis for 

a late-elementary or middle-school mini-curricular unit supporting the study of fraction 

arithmetic. Also, the analytic methodology of eliciting then analyzing for elements of 

students’ tacit schemas may prove effective in future studies as a means to explore 

fundamental issues of cognition and their implications for professional practice.  
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Toward Fostering Understanding for the Meaning of Fraction Multiplication 

Introduction 

Overview and Research Orientation 

As a future secondary mathematics teacher, I am interested in students’ reasoning 

about mathematical concepts and procedures. In this study, I focus on fraction multiplication: 

What, if any, meaning do students bring to bear in conducting fraction-multiplication 

solution procedures? How do they interpret the results? The Number and Operations standard 

for grades 6-8 set up by the National Council of Teachers of Mathematics (NCTM) charges 

teachers with supporting all students in Grades 6-8 toward developing an understanding of 

the meaning and effects of arithmetic operations with fractions and the capacity to select 

appropriate methods and tools for computing with fractions (NCTM, 2000). Granted, I would 

like for all students to develop mastery of the standard fraction-multiplication solution 

procedure, such that they ultimately can carry out this procedures swiftly and accurately 

without resorting to deep conceptualizations of each operation as they are executing it. 

Notwithstanding, my research project is motivated by a concern that students never develop 

initial understanding for fraction multiplication and that this lack of understanding is to the 

students’ detriment: Having little if any meaning for basic mathematical operations, students 

cannot evaluate the correctness of their solutions (e.g., Should 5/6 * 2/7 be greater or less 

than 1?), cannot recall procedures (e.g., Do we add numerators?), cannot coordinate related 

mathematical constructs (e.g., Is fraction multiplication related somehow to proportionality?), 

nor model situations effectively (e.g., What should I do with all these numbers in the 

problem?; see also Streefland, 1993, on the importance of developing meaning for fraction-
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related expressions). As a teacher-in-training, another motivation for the study presented 

below is developing my own pedagogical content knowledge. As Tom Kieren puts it, 

 [T]eachers not only must be able to have, or construct, models of students’ present 

conceptual structures—that is, of rational numbers; they also must have a model of 

conceptualizations of rational numbers toward which instructional guidance might 

lead the children (Kieren, 1993, p. 51, my italics).  

My research project will encompass a survey of fraction-multiplication models of 

conceptualization and related instructional materials. This survey will include a comparison 

of existing models in terms of their affordances and constraints. I am particularly interested 

in the learning trajectories—both coming into and going out—that each model enables. 

Ultimately, it could be that students should learn a variety of models and not just one 

“perfect” model, because each model constitutes a tool for a particular type of situation and 

problem and translating between models is generally regarded as a propitious opportunity to 

reflect on fundamental conceptual issues.  

The empirical component of my thesis is an exploration of the effectiveness of a new 

fraction-multiplication model of my own design that I use and evaluate in a middle-school 

tutorial intervention based on this model. This model uses two representations of the number 

line—a multiplicand number line as well as a multiplier number line that operates upon it—

and the notions of the part-to-whole relation and proportionality. Thus, the proposed model is 

also an attempt to lend coherence to a host of multiplicative constructs, but not at the cost of 

clarity with regards to the enaction of the fraction-multiplication numerical procedure. Due to 

the age of my target students, the intervention was “remedial,” in the sense that these 

students had studied fraction multiplication in earlier grades. At the same time, building on a 
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combination of numerical procedures and visual representations, the model could potentially 

provide middle-school teachers and students an alternative way of understanding the 

meaning and effects of arithmetic operations with fractions. The ambitious goal is that the 

proposed model will thus enable students not only to meet but also exceed the expectations 

delineated by the NCTM Standards by demonstrating conceptual as well as procedural 

competence . Notwithstanding, a clear design that builds on all students’ robust mathematical 

knowledge could prove age-appropriate, and hence beneficial, for lower grades as well, when 

students are first studying the target concept of fraction multiplication. 

Through studying students’ understanding of specific procedures enacted in 

conducting the operation of fraction multiplication, a personal aim was to develop deeper 

understanding of broader cognitive and pedagogical issues germane to my professional 

practice. Coming into this project, I realize that in order to teach effectively I must be 

sensitive to students’ developmental stage (e.g., as delineated in Piaget, Inhelder, & 

Szeminska, 1960), which they attain through natural interactions with nature, artifacts, and 

people. Granted, learning materials, too, are real and concrete, and therefore they can 

constitute contexts for students to develop mathematical understanding. However, it has not 

been entirely clear to me how, precisely, humans learn “abstract” concepts through 

interacting with “concrete” objects. As a case study, I am therefore interested in how students 

learn through interacting with graphic representations to reach a deep conceptual 

understanding of fraction multiplication. 

Another key objective of the study is to leverage theoretical models of students’ 

mathematical cognition and elicit my own students’ concept-specific cognitive elements so 

as to create a learning tool that enables deep understanding of the numerical procedure. The 
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proposed learning tool should thus provide students with a powerful diagrammatic 

counterpart to the standard symbolical expressions of fraction multiplication. Note that the 

learning tool is not intended to constitute a computation mechanism for all numerical cases 

(e.g., it is not an alternative form of multiplication for all fraction cases) but only a means for 

students to construct an image of what fraction multiplication “looks like” (see Pirie & 

Kieren, 1994, on ‘image having’). Toward this goal, I attempt to capture the understanding 

and difficulty students experience in learning and using my proposed model, the types of 

problem solving that the model facilitates, and any insight the model enables students in 

terms of relations to other mathematical concepts. In parallel, I study relevant literature so as 

to equip myself with theoretical and practical lenses on my design, facilitation, and data. 

In the remainder of this introduction, I overview related literature on students’ 

multiplicative reasoning and then use this overview so as to further explain the goals, logic, 

and research questions pertaining to the study of my proposed design.  

Literature Review 

I perceive the literature review process as an integral and ongoing part of my 

development as a teacher–researcher. Therefore, whereas I encountered some of the 

resources cited below prior to piloting my design, other resources emerged as I sought 

corroboration of my insights on the preliminary data, as I planned methodological 

improvements to my research design, and as I created pedagogical responses to students’ 

elicited and observed difficulty with interview items and with my proposed model. Thus, the 

literature review process successively honed my path as a learner of mathematical cognition, 

as a researcher, and as a designer of mathematical learning tools—the process was dynamical 

and reflexive. Below, I begin by overviewing findings from a pilot study I conducted early in 
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the research process—this overview will create context for presenting the subsequent review 

of the literature I studied as well as my proposed design. 

Pilot-Study Findings  

The pilot consisted of having nine 8
th

-grade students first solve fraction 

multiplications and then attempt to represent their solution procedure diagrammatically. 

Students solved the multiplications numerically by multiplying numerators and denominators 

respectively. They did not appear to have much if any insight into the mechanism of this 

solution procedure. Specifically, when asked to represent the solution diagrammatically, 

students represented all three numbers as distinct entities on paper (shaded part-to-whole 

shapes)—each of the two factors (multiplier and multiplicand) as well as the product—using 

shapes such as rectangles, triangles and circles. Thus the students did not represent 

diagrammatically the multiplication operation or the equivalence sign but at best first solved 

the multiplication and then just copied the multiplication and equivalence symbols to their 

corresponding locations among the three shaded shapes (from left to right: “shape, 

multiplication symbol, shape, equal sign, shape”). That is, the diagrams constituted post hoc 

representations of the three numbers but not the meaning of multiplication as applied to the 

case of fractions. It appeared as though these students had no mental tools for extending their 

model of integer multiplication, which was manifest in the pilot study early items (e.g., “3*4 

=__”), to the case of fractions, in later items (e.g., “2/3 * 4/5 = __”). My ongoing literature 

review thus became a search for mental models that may help students ground the meaning 

of fraction multiplication as an extension of their understanding of multiplicative operations 

with integers and their understanding of the meaning of individual fractions as part-to-whole 

relations—both capacities that had been witnessed in the pilot study. 
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Multiplicative Structures: Gerard Vergnaud’s Proportion Table 

My proposed model for fraction multiplication is inspired by previous efforts to 

design curriculum that helps students build an integrated understanding of multiplicative 

constructs, such as fractions, multiplication, and proportion. Thus, before I discuss different 

models of fraction multiplication, I review a more general model proposed by Vergnaud 

(1983, 1994) for integrating multiplicative constructs around the idea of proportionality. 

Vergnaud proposes a broad theoretical view of the ‘multiplicative field,’ a conceptual field 

that encompasses a range of multiplicative constructs that he advocates to relate through 

proportionality. Vergnaud suggests to conceive of the multiplication operation as a case of 

proportion, e.g., 3 * 4 = 12 (“Three bags of four apples each make twelve apples”) becomes 3 

* 4/1 = 12 (“Three bags of apples with four apples in each ONE make twelve apples”). 

Vergnaud’s work is relevant to my project, because in performing the solution procedure to a 

fraction multiplication problem using my 2-number-line model (2NL), students will set up a 

proportional relationship between three elements to find the unknown value. That is, in 

accord with Vergnaud’s model, I wish to construct fraction multiplications as rational-

number cases of unknown-value proportion problems (this will become clearer once I 

elaborate my proposed model in a subsequent section). 

M1 M2 

 A C 

 B D 

 

Figure 1. Vergnaud’s proportion table 

According to Vergnaud, a situated proportion consists of both horizontal and vertical 

multiplicative relations between pairs of numbers. The horizontal relation, a functional 

relationship, captures the relation between two different variables, e.g., ‘cake’ to ‘dollars,’ 
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whereas the vertical relation, a scalar relationship, captures the relation between two values 

of the same variable, e.g., ‘cake’ to ‘cake.’ If one of the four numbers in a proportion is 

unknown, it can be determined by calculating the multiplicative relation between numbers in 

a known pair and then applying this relation correspondingly to the known number in the 

other pair. For example, if c is unknown (see Figure 1, above), we might determine the 

multiplicative relation between b and d and then multiply a by this number. Vergnaud’s 

articulation of the functional and scalar relations is useful in relating proportion problems as 

well as other multiplicative situations that are not immediately recognized as proportions to 

everyday situations, which are often used as grounding contexts for the study of 

mathematical concepts and operations.  

Fraction Multiplication Models 

In the interest of facilitating a comparison among the various fraction-multiplication 

solution procedures and models reviewed in this section, I have used a uniform problem, 2/3 

* 4/5, throughout. I have thus modified some of the cited cases in the surveyed resources, 

maintaining the solution system but changing the particular numerical item.  

The Fuson-Kalchman length-model. In the Fuson and Kalchman’s (2002) fraction-

multiplication model (see Figure 2, below), students learn to perform the following solution 

procedure. To determine the product of 2/3 and 4/5: 
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• build a line partitioned in accord with the 

denominator of the multiplicand (5, so 1/5, 

2/5, 3/5, 4/5, 5/5) 

• circle as many of one-fifth line segments as 

denoted by the numerator of the multiplicand 

(circle four adjacent 1/5 line segments) 

• sub-partition each one-fifth line segment in 

accord with the denominator of the multiplier 

(3, so each 1/5 line segment is sub-partitioned 

into 3 equal parts) 

• circle the number of parts in accord with the 

numerator of the multiplier from each of the 

1/5 line segments circled (circle 2 parts out of 

a total of 3 from each of the 1/5 line segment, 

2/3 * (1/5 + 1/5 + 1/5 + 1/5) ) 

• take 2/3 of each 1/5; there are four 1/5; 

combining them gives the answer 8/15  
 

Figure 2. Fuson and Kalchman’s (2002) length-model for solution procedures of fraction 

multiplications: The case of 2/3 x 4/5. The length-model shows: (a) that fraction 

multiplication means taking 2/3 of each of the four fifths; (b) that a multiplication product is 

the sum of distributed multiplications, i.e., 

 2/3 * 4/5 = 2/3 (1/5 + 1/5 + 1/5 + 1/5) = 2/15 + 2/15 + 2/15 + 2/15 = 8/15 

 

The Fuson–Kalchman model builds on students’ coming-in knowledge—

multiplication as repeated addition as well as a fraction as a part-to-whole relation—and 

responds to challenges in applying standard procedures from integers to rational numbers, as 

I now explain. Students are familiar with the repeated-addition model of multiplication, at 

least for the numerical cases of integers. For example, 3 * 4 suggests adding the quantity of 4 

three times, inscribed as 4 + 4 + 4. Yet if we have 1/3 * 4, where the multiplier is a fraction, 

then adding 4 “one-third times” will not make sense, for what might it mean to add a quantity 

less than once (think of a spoonful of four peas freezing a third of the way between a pot and 

a plate…)? Thus, repeated addition will not work for this case. Furthermore, if we have 1/3 * 

1/5 and we translate the problem into a repeated addition problem, which is adding 1/5 one-

third times, again “adding one-third times” is difficult to understand on the basis of previous 

encounters with the addition operation. Yet the Fuson–Kalchman model successfully deals 
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with this kind of dilemma and creates a way of looking at a fraction multiplication through 

the lens of repeated addition. Namely, the Fuson–Kalchman length-model builds on students’ 

facility with the notion of multiplication as repeated addition by using the distributed 

property of multiplication. That is, the fraction multiplication 2/3 * 4/5 is re-interpreted as 

meaning “take a 2/3 of each of the four 1/5’s.”  

Note, however, that the length-model is intended as a means of grounding a 

procedure and not as a means of calculating all numerical cases. Namely, when it comes to 

multiplicands that have larger denominators with larger numerators, the length-model would 

prove inefficient. For example, solving 2/3 * 99/100 with the length-model implies taking 2/3 

of each of ninety-nine 1/100, a feat that would prove absurdly arduous. Whereas students are 

in principle capable of performing such a long repeated addition procedure, it certainly does 

not prove to be a very efficient way of reaching the final answer as it proves to be 

impractically time consuming. This comment applies to all the models discussed in this 

section and will not be repeated. 

Fuson and Kalchman’s length-model helps students develop the idea of the unit 1 (the 

whole). Within the unit, students find the multiplicand, and then by subdividing 

(repartitioning), repeated addition, and distribution determine the solution to the 

multiplication. The model enables students to ground the meaning of a numerical method. On 

post-tests, length-model students successfully solved multiplication items, outperforming 

students of Japan, Taiwan, and the U.S., who did not use this model, on comparable items. 

More importantly, students learning and applying the length-model indicate that the model 

enables them a way of seeing and writing multiplication as repeated addition and helps them 
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monitor the numerical procedure that is being represented by the diagram that they are 

manipulating, i.e., the model is transparent.  

Mack’s circular model. In Mack (2001), a student (‘Abby’) creates a circle area 

model to conduct a fraction multiplication (see Figure 3, below). Abby applies the part-to-

whole relationship throughout the whole process of solving the problem. In Abby’s strategy: 

• create a circle 

• divide the circle into 5 equal parts. 

• shade out the unused area—use the blank area to 

represent 4/5 which is (1/5 + 1/5 + 1/5 +1/5) 

• target the 4/5 and thus sub-partition each of the 

blank pieces into 3 equal sub-parts. Thus the 

unshaded parts has are now 12 blank pieces. 

• divide the blank pieces into 3 groups with each 

consisting of 4 blank pieces, two sets of which 

consist of a total of 8 pieces 

• In order to refer the 8 pieces back to the whole 

circle, one also partitions the shaded part into 3 

pieces to find that there are 15 pieces in total.  

Thus the answer becomes 8 over 15, that is 8/15. 

 

 

Figure 3. Part-to-whole fraction-multiplication strategy: four stages in a student’s solution 

for determining 2/3 of 4/5 of a cookie. 

In Abby’s model, the meaning of “2/3 * 4/5” is, “Determine the part-to-whole 

relation of 2/3 of 4/5.” That is, the process requires partitioning a whole to represent the 

multiplicand; partitioning the area of the multiplicand, re-grouping, selecting groups, and 

determining their part-to-whole relation to the original unit circle. Note the re-grouping phase: 

it is possible to divide the sub-partitioned 4/5 into 3 equal parts, because each of the 1/5’s had 

been divided into 3 parts, and so the sum of these four fifths is necessarily divisible by 3.  

The circular model requires the skill of partitioning, a sense of composite groups, and 

strategies of grouping. The model is not likely to be discovered by all students because the 

re-grouping phase appears conceptually challenging. In like vein, the final operation of 
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dividing the shaded part into the number of parts equal to the denominator of the multiplier 

(3) instead of the number of parts equal to the new group size (4) may be confusing. 

Note that any circular model could in principle be unfurled to become a length-model. 

Is the Abby/Mack model the same as the Fuson–Kalchman model? This is not the case. 

Conceptually, the models differ primarily due to the issue of re-grouping. Also, by virtue of 

its spatiality, the circular model is construed more as an object as compared to the length-

model, which is construed as denoting the practice of marking and counting marks. This 

objectness, which carries a sense of integrity and discreteness, and the relative familiarity of 

circles as compared to number lines all contribute to the common use of circular 

representations of fractions (a circle is often referred to a pizza). 

Mack’s participants who thought of fractions as number of parts in the way that  

“each part represented an independent whole-number quantity (e.g., ! means ‘three 

of four parts’), …were unable to reconceptualize and partition units when each part 

consisted of more than one element” and “were only able to draw on their informal 

knowledge when they could focus on partitioning a composite unit into a specific 

number of parts where each part contained only one element” (e.g., partitioning a 

composite unit of 3 parts into 4 parts” ( p.292).  

 

Students like Abby who  

“focused on the number of parts [3/4 means three of four parts] and considered the 

fractional amount each part represented of a unit [each of the three of four parts 

represent " of a unit]…were able to reconceptualize and partition units in a variety of 

ways” (Mack, 2001, p. 292).  

 

Math Steps’ rectangular model. In Math Steps (Buck et al., 2000), students learn 

fraction multiplication through the following rectangular model: 
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• form a rectangle 

• divide the rectangle vertically into a number of parts 

equal to the denominator of the multiplier (divide the 

rectangle into 3 equal parts) 

• choose the number of adjacent parts equal to the 

numerator of the multiplier (2 parts out of a total of 3) 

• divide the rectangle horizontally into a number of parts 

equal to the denominator of the multiplicand (divide 

the rectangle into 5 equal parts) 

• choose the number of adjacent parts equal to the 

numerator of the multiplicand (4 parts of a total of 5) 

• shade the area bounded by both the multiplier and the 

multiplicand choices  

• count the number of shaded boxes and the total number 

of boxes 

• divide the number of shaded boxes over the total 

number of boxes to get the final answer 

 

Figure 4. Math Steps (Buck et al., 2000) fraction multiplication model: the case of 2/3 * 4/5. 

The rectangular model used in Math Steps requires one to partition a whole rectangle 

to represent the multiplier and the multiplicand respectively. Then one applies counting to 

carry out the last step of the solution procedure. In this model, performing fraction 

multiplication requires representing the multiplier on a horizontal axis and the multiplicand 

on a vertical axis, counting the number of units co-delimited by both the multiplier and the 

multiplicand, counting up all the cells in the entire rectangle unit, and expressing the answer 

as a part-to-whole relationship between the number of units in the bounded area over the 

number of cells in the whole rectangle.  

Students are familiar with partitioning and counting strategies upon which this model 

builds. The model suggests a clear and easy-to-follow procedure for students to reach the 

solution. The rectangular model for fraction multiplication is commonly used in secondary 

school textbooks. However, this model is problematic in terms of the opportunity it fosters 

for students to develop understanding of fraction multiplication. In particular, the 

representation—as simple as it appears—implicitly implements (embeds) the multiplication 
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operation such that the user need not understand how the mechanism enacts the operation; 

even though the model is perceptually accessible throughout the procedure, it may constitute 

a “black box” that renders the multiplication operation opaque. Thus, each fraction factor is 

expressed as a part-to-whole relation with the entire rectangle—the interaction between the 

two fraction factors is not enacted explicitly in the activity but emerges as a double shading 

of two partially overlapping part-to-whole fractions. Thus, the student follows a procedure to 

reach the solution by partitioning, shading, and counting, but these actions may not reflect 

any understanding of how the model extends multiplication with integers—the multiplication 

sign is not conceptualized in a meaningful way but in a series of steps to be followed.  

Note that this critique could be broadened to the general case of area models of 

multiplication, such as for 4 * 2 (integers). Also note that in a variation on this model, the 

user could express one fraction factor as a part-to-whole relation to the entire rectangle and 

then express the second fraction factor as a part-to-part-to-whole relation, that is, as a relation 

to the first fraction.  

A geoboard-model. In Cramer and Bezuk’s paper (1991), geoboards are used to 

model fraction multiplication. The procedure is performed as following: 
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• on a geoboard, form a rectangle with 

horizontal side-length equal to the 

denominator (3) of the multiplier (2/3) and 

vertical side-length equal to the 

denominator (5) of the multiplicand (4/5)  

• each square is 1 unit 

• shade the number of parts equal to the 

numerator of the multiplicand (shade 4 

parts out of a total of 5) 

• shade the number of parts equal to the 

numerator (2) of the multiplier (2/3) within 

the formerly shaded area using a different 

color 

• the double shaded area is the answer to the 

fraction multiplicand problem. Thus, the 

number of overlapping squares over the 

total number of shaded squares is the 

answer to the fraction multiplication 

problem. Count up these two totals and 

state them as a fraction (8/15) 

 

 

 
Figure 5. A geobard-model for fraction multiplication: case problem 2/3 * 4/5. 

In the geoboard-model, students do not partition the sides into parts, because the nails 

constitute pre-formed partitions. Instead, students group units of size 1, each of which is 

represented by the distance between two adjacent dots on the geoboard, to form the sides of a 

rectangle as determined by the denominators of the multiplier and multiplicand respectively 

(this is why the model features a rectangle with square units, whereas the Math Steps model 

features a square with rectangular units). Along each of the sides, students locate numbers of 

units corresponding to the numerators of the multiplier and the multiplicand and shade the 

cross-product area. The ratio between the shaded and total areas constitutes the solution, and 

this ratio is obtained through counting up the units in these respective areas. 

Similar to the rectangular model, students will perform partitioning, shading, and 

counting to reach the solution. The geoboard-model does not state the relationship between 

the two fractions nor does it build meaning for the multiplication sign between the two 
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fractions. Thus, again it is not clear whether the overlap between the two areas carries for the 

students any meaning in terms of fraction multiplication. 

As in the case of the rectangular model, note that the second fraction can be 

represented either as part of the original whole or as part of the first fraction. Finally, the 

geoboard has a certain construction advantage over the rectangular model in that the units are 

pre-existing and so the student need not execute the equal partitioning, a task that is often 

challenging to young students. 

The Brar AM–FM model. An area model for fraction multiplication (AM–FM; Brar, 

2007) positions the traditional area model in the Cartesian plane. The model is used as 

following: 

• build an x-y coordinate system 

• sub-divide the axes such that they 

correspond with denominators of the 

fraction products (the y-axis units are 

subdivided by 3 in accord with the 

multiplier, 2/3, and the x-axis units are 

subdivided by 5 in accord with the 

multiplicand, 4/5) 

• mark the fractions (2/3 & 4/5) on each 

corresponding axis, stretching out lines 

• the area bounded and shaded by the two 

fractions is the diagrammatic solution (an 

optional software device creates the shading 

automatically) 

• count the number (8) of shaded boxes and 

the total number (15) of boxes; the quotient 

of the two numbers constitutes the numeric 

solution (8/15) to the problem 

 

Figure 6. An area model for fraction multiplication: the case of 2/3 * 4/5. 

In Brar’s model, fraction multiplication is construed as an area model constructed on 

the Cartesian plane. The fractions are marked on their corresponding axes in relation to the 

unit marking, and the multiplication solution is represented as the cross product of these two 
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marked fractions. The numerical solution is determined by counting the number of double-

shaded boxes (8) and the total number of shaded boxes (15) and expressing these as a 

quotient (8/15). 

Students apply the part-to-whole relationship throughout the process for both the 

multiplicand and the multiplier. They partition to represent the fractions as part-to-whole 

relationship between the numerator and the denominator of a fraction. 

The AM–FM model has both structural and functional affinities to the rectangular 

model and the geoboard-model, yet the AM–FM model may potentially improve on the 

rectangular and geoboard-models by offering additional diagrammatic supports. To begin 

with, pre-marking sub-division tags along the axes facilitates reading off the solution. More 

importantly, the clear demarcation of the units along the axes and, optionally, the unit grid 

upon the entire plane, may help students understand how the products relate to the unit, thus 

supporting an extension to numerical cases of larger-than-1 products (improper fractions). 

However, as in my critique of the rectangular and geoboard contexts, it is not clear whether 

the Brar model enables students’ insight into the multiplicative association between the 

fraction constituents. That is, similar to the other area/array models, the AM–FM model 

extends the case of integers to fractions, yet the concern is fundamental to the integer case of 

area/array models, i.e., whether visual apprehension of emergent area/array is a sufficient 

operationalization of the multiplication operation; the concern is that when apprehension is 

not problematized it may be visually compelling yet implicitly remain opaque (see 

Abrahamson, 2007).  

Summary and comparison of fraction-multiplication models. I have now explained 

the key fraction-multiplication models designed and/or explored in previous studies and 
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existing curricula. Each model has proven beneficial to student learning. Table 1 (see below) 

summarizes these models, and a comparison then ensues.  

Table 1. 

Models of Fraction Multiplication 

Model 

Prerequisites for Learning 

the Model Evaluation  

Fuson & Kalchman—length-model 

 

• Counting 

• Building a partitioned 

unit 

• Sub-partitioning  

• The distributive 

property of 

multiplication  

Strengths:  

• The composition of groups (taking parts out of each 

part of the whole) prepares students to apply 

distributive property of multiplication.  

Limitations: 

• Does not appear to build on students’ model of the 

multiplier–multiplicand relationship;  

• Improper-fraction cases not addressed. 

Mack—circular area model  

 

• Counting  

• Partitioning a unit circle 

• Sub-partitioning 

• Regrouping a composite 

set 

• Grouping unit pieces 

Strengths:  

• Building skills of manipulating composite groups 

prepares students to move flexibly between different 

conceptualizations of units. 

Limitations: 

• Re-labeling of units may cause confusion, especially 

with regard to the shaded sector. 

• Construction challenge: a circular model with 

overlapping subparts challenges sub-partitioning.  

• Improper-fraction cases not addressed.  
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Math Steps—rectangular area 

model (partitioned and shaded in 

two axes) 

 

 

• Counting 

• Area model of 

multiplication  

• Partitioning a unit 

square; fraction as a 

part-to-whole 

relationship 

Strengths: 

• 2D part-to-whole relationship builds on 1D relations. 

Limitations: 

• The multiplicative operation is offloaded onto the 

Cartesian mechanism—it is not enacted directly and is 

thus likely to remain opaque.  

• Improper-fraction cases not addressed. 

Geoboard-model (e.g., Cramer and 

Bezuk, 1991) 

 

• Counting 

• Area model of 

multiplication  

Strengths: 

• Builds on counting strategy; 

• uniform units along the two axes. 

Limitations: 

• The multiplicative relationship between multiplier and 

multiplicand is not enacted, i.e., the overlap is an 

insufficient semantic correlate of multiplication. 

• Improper-fraction cases not addressed. 

Brar AM–FM 

 

• Counting 

• Area model of 

multiplication  

• Partitioning unit of 1 

Strengths: 

• Partitioning strategy and counting strategy; the model 

provides a  Cartesian-plane system for students to 

perform fraction multiplication. 

Limitations: 

• The multiplicative relationship between multiplier and 

multiplicand is not enacted, i.e., the overlap is an 

insufficient semantic correlate of multiplication. 

• Dependency on technology, which does not necessarily 

foster a mental model. 

 

Comparison. The models vary along several dimension:  

• Quantity type: Some models, e.g., Mack’s circular model, begin from a 

continuous quantity whereas others, e.g., Fuson and Kalchman’s length-model, 

build the whole as a set of discrete objects (see Piaget, Inhelder, & Szeminska, 

1960, for further explanation of this distinction between types of quantities). 
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In either case, students are to perform fraction multiplication by acts of 

partitioning, sub-partitioning, and counting.  

• Dimensions: Some models are one-dimensional (the length-model), whereas 

others are two-dimensional (the circular area model, the rectangular area 

model, the geoboard-model, and the AM-FM model).  

• Prerequisites: Each of the models assumes a set of specific prerequisites, and 

each offers its unique form for students to develop a conceptualization of the 

meaning of fraction multiplication. Namely, all the models enable students to 

apply selected aspects of their previous knowledge such as counting, 

multiplication as repeated addition, partitioning a whole, repartitioning 

subparts, and regrouping unit pieces in determining the numerical answer. 

• Number of focal objects: In all the above models, fraction multiplication is 

represented by using a single composite object, be it a number line, a circle, or 

a rectangle (the alternative might be models with two objects such as a 2-

number-line model to be introduced in the Design section of the paper). 

• Meaning of fraction multiplication: The Fuson–Kalchman length-model 

emphasizes fraction multiplication as the addition of distributed sub-

partitioned units, the Mack circular model is singular in its repartitioning of 

sub-parts of the original whole, the Math Steps square-model features a 

bounded area representing the product of the multiplier and the multiplicand, 

and the Cramer and Bezuk geoboard-model simplifies the construction work 

by presenting a prefabricated matrix upon which the area/array model is 
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constructed. The Brar AM-FM extends the square and geoboard-models so as 

to facilitate the construction and interpretation of improper-fraction products.  

Are either the one-dimensional or two-dimensional models in principle better suited 

for students who are first learning fraction multiplication? The length-model might prove 

much simpler to manipulate because having to consider two dimensions simultaneously and 

coordinate them may create cognitive load. On the other hand, two-dimensional objects may 

actually decrease cognitive load by helping the user differentiate between the multiplier and 

multiplicand that are plotted onto different orientations, thus facilitating percetpual 

interpretation of how the mathematical statement maps onto the diagram (the student need 

not keep track of which of the two factors s/he is manipulating or inscribing). Moreover, 

students may be comfortable with two-dimensional models such as a circle or a rectangle, 

because these geometrical shapes resemble familiar spatial objects that are normatively 

given to partitioning, such as a circular pizza. 

Whereas each model constructs the mathematical content uniquely, there may be 

value in learning to translate between models. Through translating and articulating their 

thoughts, students may have insight into how the mathematical ideas are embedded in the 

representations as well as what ‘work’ the models do for us. For example, note the relation 

between one- and two-dimensional models: The circular model can be viewed as a 

“wrapped” length-model in which the end meets the origin. Thus, the tickmarks on the 

length-model become the partitions along the perimeter of the circle.  

Finally, each fraction-multiplication model constitutes a tool, a ‘function’ of sorts, 

for deriving an ‘output’ given an ‘input.’ A student who learns to operate one of these tools 

would, in general, be assessed as ‘knowing’ fraction multiplication. And yet, is the 
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facilitation of mathematical practice, such as teaching to perform a solution procedure, 

necessarily commensurate with revealing to the student the meaning of mathematical 

process? That is, I wish to highlight a general dilemma of design: mathematical instruments 

facilitate mathematical practice at the possible price of obscuring mathematical process (see 

Abrahamson, 2007). By way of analogy, a student first learning addition would benefit more 

from interacting with an abacus than a calculator, because the abacus explicitly reveals the 

conceptual system underlying the processing of inputs into the output, whereas the 

calculator renders the process completely opaque. That is, a student who developed the skill 

of solving addition problems only with a calculator would not have any opportunity to 

ground the concept of addition in their earlier understandings of counting and the place-

value base-10 system (see also Searle, 1980, on the ‘Chinese Room’ thought experiment). 

Furthermore, this student could not extend addition to multiplication-as-repeated-addition, 

because the student would have no meaning for addition. By way of building the diagrams 

themselves, students have further insight into the model’s mechanism. 

The graphs of the length-model, the circular area model, and the geoboard-model, 

similar to an abacus, offer a procedure for determining a solution to a given arithmetic 

problem. Other models, not unlike a calculator, provide an output but do not lend insight 

into the procedure. All the models reviewed above have reportedly impacted successful 

learning. And yet, none of these models clearly extrapolate on the idea of a fraction as a 

part-to-whole relationship, nor does any model readily reveal fraction multiplication as an 

action of one entity upon another, the pattern that, my pilot studies suggest, students tacitly 

expect. In response, I sought to design a new model that treats fraction multiplication as the 

multiplicative interaction of two discrete objects. 
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Design 

My proposed model, the 2-Number-Line model, was designed in light of the above 

survey, analysis, and input from the pilot study. The model is designed to: (a) support 

learners in building on their familiarity with the part-to-whole interpretation of fractions; (b) 

construct the two multiplication factors as quantitatively related yet, initially, as 

diagrammatically discrete constituents—the model consists of a part-to-whole multiplicand 

fraction marked on one number line and part-to-whole multiplier fraction, marked on 

another number line, that operates on this multiplicand; (c) demand students’ active 

participation in constructing the entire diagram (as in the length-model and unlike in the 

technology enabled AM-FM model) such that they will necessarily attend to all the 

diagrammatic elements; (d) enable a synoptic grasp of the multiplication operation and 

products (as in the area/array models) yet explicate the diagrammatic mechanism as 

expressing the mathematical operation—the synoptic view of fraction multiplication as 

building a part-to-part-to-whole relation could be introduced to students first so as to ground 

the meaning of the arithmetic operation qualitatively before embarking on a complementary 

quantitative explanation that maps between the diagram and symbols.  

Through learning to solve fraction-multiplication problems with my proposed model 

I hoped students would develop a clear understanding of the meaning of fraction 

multiplication. Evaluating this potential impact of the model is the key part of my empirical 

work. I will now elaborate on the objectives and structure of the proposed model. 

Objective  

Pilot studies have demonstrated students’ tendency to represent all three numbers in 

the fraction-multiplication expression—the two multiplication factors as well as the product, 
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e.g., 2/3, 4/5, 8/15—as separate diagrammatic elements. Invariably, though, students did not 

represent the multiplication operation itself. The 2-number-line model preserves some 

structural properties of students’ pilot-study construction by representing the two factors as 

separate entities, albeit they are mathematically inter-referring. The multiplication operation 

is represented by an indexing action of the multiplier upon the multiplicand. Note that, 

similar to other diagrammatic models, the proposed 2-number-line model is not intended to 

constitute a calculation device but rather a generic way of conceptualizing the multiplication 

operation for the case of fractions.  

The “2- Number-Line” Synoptic Model of Fraction Multiplication 

 

Figure 7. The 2-Number-Line synoptic model: part of part of a whole.  

The 2-number-line synoptic model of fraction multiplication (hence, Synoptic 2NL; 

see Figure 7, above) was designed to support students’ development of an operative 

relationship between the multiplier and the multiplicand in order to help conceptualize the 

meaning of the multiplication operation. In this model, the multiplier acts as a fraction-

operator upon the multiplicand fraction, e.g., in 2/3 * 4/5, the first factor dynamically “two-

thirds” the second factor. That is, the first factor indicates a ‘part’ out of the second factor 

‘whole,’ where the second factor is itself a part of the unit 1 whole. The elaborated model—

which goes beyond the synoptic model so as to explain the quantitative relations to the 
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numerical solution procedure—designates two vertical extensions to represent a multiplier 

and a multiplicand, respectively. The model requires of the user fluent moving between an 

integer perspective (the number line, e.g., ‘4’ means ‘four’) and a fraction perspective (e.g., 

‘4’ means ‘four fifths’).  

                  

                       a.                                                 b.                                     c.    

Figure 8. The “2-Number-Line” (elaborated) model of fraction multiplication: the case of 2/3 

* 4/5. 

In Figure 8a (above), the number line on the right represents the multiplicand 4/5, 

while the number line on the left represents the multiplier 2/3 that operates on the 4/5 

multiplicand. Note that the 2/3 line (the entire line) has been constructed to be exactly as tall 

as the ‘4’ mark on the 4/5 line. The multiplication operation is enacted as indexing 2/3 of 4/5 

upon the 4/5 line (note the horizontal arrow, in Figure 8a, from the ‘2’ to an undesignated 

point marked upon the 4/5 line with a question mark). The numerical solution to a fraction 

multiplication—that is, the specific value of the undesignated mark—can be construed as 

solving a proportion with an unknown number. In the case of 2/3 * 4/5, we are looking for a 

value x upon the 4/5 line that relates multiplicatively to 4/5 as 2 does to 3, that is,  

x : 4/5 = 2 : 3. Thus, the qualitative stage of the model corresponds to one fraction factor 
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operating upon the other fraction factor. What remains, crucially, is to establish the 

quantitative value of the designated product (the value of the question mark). 

What might be a heuristic for determining the requisite sub-partitioning of the 4/5 line 

such that the undesignated value can be named precisely as an integer number of parts? To 

begin with, what should be the denominator of this fraction product? Is it related to the 

denominators of the fraction factors? If so, how? Of course, from our knowledge of fraction 

arithmetic, we expect the denominator of the fraction product to be the product of the two 

fraction-factor denominators, e.g., for 2/3 * 4/5, we multiply the denominators to obtain  

3 * 5  = 15. But where and how can we ‘see’ that in the diagram? What constraints do the 

fractions impose such that ‘15’ appears convincingly to be the necessary denominator? And 

what should the numerator be? Let us address this problem. 

Note in Figure 8a the arc that is labeled ‘3 parts.’ We begin by fracturing the 

multiplicand number line (4/5) into 5 * 3 sub-parts for a total of 15 sub-parts. We sub-

partition the multiplicand line by 3—the denominator of the multiplier fraction—to ensure 

that each of the multiplicand’s original parts (the 1/5’s) becomes re-expressed as a multiple 

of 3 (3/15, 6/15, 9/15, 12/15). In particular, now when 12/15 is “two-thirded,” it yields an 

integer number of sub-parts (2/3 of 12 = 8, or 2/3 * 12/15 = 8/15). Algebraically, the ‘8’ is 

determined as the completion of an unknown value proportion, 2 : 3 = x : 12 or 3 : 12 = 2 : x.  

Thus, unlike previous contributions, the 2NL model applies proportionality in its 

solution procedure. Yet, the 2NL model is similar to the Fuson–Kalchman’s length-model 

and the circular model in Mack’s paper in that all three apply both partitioning and 

subpartitioning. The 2NL model differs from the other models introduced earlier, in that: 

• Fuson & Kalchman’s length-model uses distribution and repeated addition 
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• Mack’s circular model uses composite groups and regrouping strategy 

• The Math Steps’ rectangular model and the geoboard-model use ready-made 

diagrammatic elements. 

Research Questions 

It is one thing to create a design based on analyses of pilot studies, and it is another 

thing to methodically evaluate its potential use to students and teachers. The empirical 

component of the study was thus designed to evaluate whether the 2NL model helps students 

build meaning for fraction multiplication. In particular, I wished to address the following 

questions, which begin from a replication of the pilot studies:  

• Do students have viable explanatory mechanisms underlying their by-and-

large successful execution of the fraction-multiplication numerical solution 

procedure?  

• If not, or if their explanatory mechanisms are incomplete or fragmented, what 

cognitive/representational elements do students arrive with pertaining to 

fraction multiplication that a new design could potentially build on? 

• Does the 2NL model help students ground the meaning of the fraction-

multiplication numerical solution procedure in their in-coming understandings 

of fractions, multiplication, and fraction multiplication? 

• In working with the proposed model, what difficulties do students incur en 

route to mastery of the construction process? Is it easy for them to build?; 

difficult? If so, what are the specific aspects of the design that students find 

challenging? 
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• In general, given a potential tradeoff between benefits and challenges of an 

instructional unit building on the proposed model, does the model offer a basis 

for a viable curricular mini-unit that would accompany the teaching and 

learning of fraction arithmetic?    

Methods 

On the whole, this study ran along two reciprocal lines—design and research—as is 

characteristic of design-based research studies. Namely, I evaluated the design by examining 

students’ adoption of the model, while evaluating students’ learning by the extent to which 

they were able to adopt the design. As I shall elaborate below, the design was evaluated on 

the basis of its apparent accommodation of students’ elicited cognitive elements, and the 

learning was evaluated by tracking for individual students’ growing capacity to construct, use, 

and coherently reflect on the meaning of fraction multiplication as embodied in the model.  

Participants  

School. This project was conducted at Martin Luther King Middle Jr. School in 

Berkeley, California. The school is a public school for  6
th
 – 8

th
 grade students. King’s 

student population averages 850-900 students each year. Of those students, 40% qualify for 

the federal Free or Reduced Lunch Program. Students are 36% African–American, 34% 

Caucasian, 20% Latino, 9% Asian–American, and 1% are of other ethnicity. Twenty-two 

languages are spoken at the school. 

Seven 7
th

 grade pre-algebra students representing the range of mathematical 

proficiency levels in the school’s three 7
th
 grade classrooms were selected to participate in 

the study (an 8
th
 volunteering student did not follow through with the entire intervention). 

Contact with the participants was first obtained through the mediation of a collaborating 
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teacher whose class I visited and observed several times prior to the intervention, in 

coordination with the school principal. Students’ proficiency was established on the basis of 

two independent measures: (a) The judgment of their mathematics teacher, who had been 

teaching them for a month, and who based his judgment on the students’ test scores and 

classroom participation in discussion; and (b) the students’ scores on the California Standards 

Test math proficiency level in the previous spring, when they were 6
th
 graders. Both these 

assessments assign students to three proficiency levels. Generally, these two measures agreed, 

with three students moving one score either up or down. 

In compensation for their investment, participants were offered either three movie 

tickets or an equivalent value in the form of a gift bag. No screening was necessary, because 

the intervention included a new design that the students could not possibly know prior to the 

intervention. 

Finally, my project supervisor (the first reader of this thesis) was available for daily 

consultation, feedback, and planning, as the data came in. This tight scheduling proved 

critical for this design-based research study, because we introduced several modifications to 

the design based on the streaming analyses (see below), which appear to have contributed to 

subsequent participants’ understanding of the model. 

Materials 

For the pilot study, students worked on a worksheet (see Appendix A) consisting of 3 

types of multiplication problems, namely, fraction-times-integer, fraction-times-fraction with 

numerator being 1, and fraction-times-fraction in general. For a pre-test interview, students 

worked on a worksheet (see Appendix B) consisting of 15 multiplication problems and were 

asked to explain their solutions to three pre-selected items out of these 15. For the tutoring 
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session, students worked on a worksheet (see Appendix C) consisting of 3 fraction-

multiplication problems—I explained the 2NL model using the first item, and students 

attempted to solve the other two items while I faded out my scaffolding. For the post-test 

interview, students worked on a worksheet (see Appendix D) consisting of three fraction-*-

fraction multiplication problems and one fraction-*-fraction-*-fraction multiplication 

problem, all of which the students were asked to explain. 

Procedure  

In coordination with the collaborating teacher, the study was conducted in the 

students’ regular mathematics classroom during lunch time. All the sessions with all the 

students were videotaped for subsequent analysis. Overall, the study consisted of a pre-test, a 

teaching/learning intervention, and a post-test. Each of these three sessions was conducted on 

a different day. 

Pre-test. The pre-test was intended to elicit students’ fluency with and conceptual 

understanding of multiplication of fractions. For the pre-test, I met with students individually. 

First, I observed as the student solved all items on the worksheet, and then I asked the student 

to explain three items that represented a range of difficulty (integer * integer, integer * 

fraction, fraction * fraction). In solving this worksheet, students spent on average 3 minutes 

(advanced students), 5 minutes (middle level students), or 8 minutes (bottom level students). 

Thus, we received a third triangulating measure of these students’ mathematical proficiency. 

The subsequent interview lasted on average 12.5 minutes. The interviews lasted slightly 

longer for lower-level students than middle- and higher-level students. 

Intervention. The intervention session lasted on average 30 minutes and was 

introduced to each student in an interview format, in which students solved a series of 
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fraction-times-fraction multiplication problems. First, I demonstrated how to use the 2NL to 

solve the first problem on the tutoring worksheet, and then I had the student reconstruct the 

model in solving the same problem. Once the student felt comfortable with the first problem, 

I moved him/her on to the subsequent problems. For the second and third problems on the 

worksheet, I had the student try to use what they had learned from the first problem. As in a 

natural tutoring session, I adapted my scaffolding to each student’s understanding, which I 

evaluated in real time as well as later during the data analysis.  

Post-test. The purpose of the post test was to evaluate whether students understand 

the 2NL model. Thus, I interviewed each student individually over 30 minutes, on average. 

Five of the students participated in the tutoring and post-test sessions on consecutive days, 

one did so with a day’s difference, and one did it with about a month’s difference. I had each 

student work on 3 fraction-times-fraction multiplication problems and explain their solutions 

in detail. In addition, students solved an item in which they were asked to interpret and 

construct the operation of multiplying three fractions. With that item, I wished to examine 

whether students were able to spontaneously extend the 2NL model from the case of two 

factors to that of three. The nature of my responses to students’ questions during the post-test 

was different from my responses in the intervention stage and included only prompts at 

points where students appeared to forget a structural element. These interventions were taken 

into account for the data analysis (see below).  

Modification. After three post-tests, based on the analysis of students’ responses and 

solutions, the design was modified so as to emphasize the graphical image instead of 

algebraic equations as well as to foreground the synoptic image before moving to the detailed 

2NL model. Subsequent participants received tutoring with the modified design. Whereas 
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such methodology may vary from traditional social-science norms, because it alters the 

procedure between samplings, it is vital for design-based research studies, in which we are 

co-developing both theoretical models of learning and learning materials. Ultimately, if a 

procedure is not working optimally, there is no point to keep examining it. In the analyses, 

these modifications will be addressed so as to clarify comparisons between students as well 

as summative assessments of achievement and challenges.  

Data Collected 

The data included: 11 hours of videotaped sessions; a corpus of very detailed field 

notes for each of the 21 sessions as well as daily email feedback on these notes from the 

faculty supervisor; and students’ completed worksheets (archived and digitally scanned).  

Data Analysis 

My data-analysis addresses each of the three study stages sequentially: pre-test, 

tutorial, and post-test. Findings from each stage of analysis inform the analysis of the 

subsequent stage. Broadly speaking, I attempted to understand whether and how my  

proposed design is suitable, given students’ in-coming knowledge, to guide students toward 

grounding the fraction-multiplication procedure. Therefore, I began by scrutinizing the pre-

test to identify students’ cognitive/representational knowledge specific to the mathematical 

task of fraction multiplication. This knowledge is in the form of conceptual metaphors or 

action models that students tacitly bring to bear in articulating and inscribing mathematical 

operations. Armed with this set of identified elements, I was able both to re-evaluate the 

proposed model, thus potentially triangulating my pilot-study findings, and to equip myself 

with analytic lenses onto the next stage (tutorial) and beyond.  
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Then looking at data from the tutorial session, I analyzed students’ understanding and 

difficulty with the proposed model through my new set of analytic lenses (from the pre-test 

analysis). Namely, I evaluated students’ interactions with the model as expressing struggles 

along the set of trajectories from each of the identified cognitive sources. These analyses 

prepared me to anticipate each individual student's difficulties so that I could evaluate for any 

individual gains observed in the post-test data. Also, I expected I would possibly discover in 

the tutorial students’ additional cognitive resources I had not witnessed in the pre-test, due to 

the different nature of the tasks.  

Finally, looking at the post-test data, I analyzed what, if anything, each individual 

student achieved through participating in the intervention. Again, this analysis was conducted 

through the cumulative and integrated lenses of the previously identified cognitive elements 

that students were bringing to bear in attempting to solve fraction-multiplication problems.  

Finally, building on my findings from the above analyses, I was in a position to 

evaluate the extent to which the proposed design meets its objectives.  

Results and Discussion 

The objective of this study was to create and evaluate a design for fraction 

multiplication. Starting from a professional commitment to constructivist pedagogical 

philosophy, I attempted to create a design that enables students to build on their in-coming 

knowledge toward grounding the procedures of fraction multiplication as meaningful. The 

research-design rationale was to first elicit students’ in-coming knowledge through engaging 

them in pilot activities that required of them to create diagrammatic representations, 

expressing whatever meaning they may have had for fraction multiplication. Next, analysis 

of these diagrams led to the identification of conceptual elements shared by most students. 
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On the basis of this analysis, I created innovative mathematical objects (representations) and 

activities (procedures) designed to engage those in-coming conceptual elements (action 

schemas). The substantive empirical component of this study consisted of a set of seven 

tutorial sessions with seven Grade 7 students, flanked by pre- and post tests. Results from 

pre-test questionnaires corroborated and expanded on the initial set of elements identified in 

the pilot tests. I then analyzed tutorial sessions and post-test questionnaires through the lens 

of this expanded set of cognitive elements. In particular, I attempted to articulate students' 

understandings and difficulties with the design, as manifest in their constructions and 

utterances, in terms of whether or not the new material, activities, and facilitation were 

indeed enabling students to build on their in-coming cognitive elements, as was the intention 

of the design. Following, I present the data collected in each of the three intervention phases 

(pre-test, tutorial, and post-test) and describe in detail my analyses and interpretations of 

these data. In particular, I have attempted to lend coherence to this analytic process by 

approaching the entire body of data through the lens of the set of students’ identified 

cognitive elements. That is, the set of cognitive elements that I had elicited from students 

informed the design of the representations, and then the same set constituted criteria for 

evaluating students’ learning as well as their difficulties, as evidenced in the tutorial and 

post-test. The chapter ends with a summary of the findings followed by an evaluation of the 

strengths and limitations of a potential curricular unit based on the proposed design. 

Pre-Test 

The pretest expands on the pilot study (reported in the Introduction section of this 

paper) to identify students’ conceptual elements pertaining to the meaning of fraction 

multiplication, such as the diagrammatic representation of an a/b fraction, the multiplication 
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operation, and their coordination in the form of fraction multiplication. I will demonstrate 

that the pre-test data corroborate and expand on my findings from the pilot study. Table 2 

analyzes for cognitive elements of students’ in-coming knowledge as elicited in the pretest. 

Each column presents and analyzes the work of one of the seven students, and each row 

presents these students’ work on a particular item. That is, to construct this table, I have 

included scans of students’ original diagrammatic constructions for each of the three items 

that represent the types of problems included in the pre-test. Below each construction is a 

brief text that attempts to reconstruct the students’ problem-solving process—an 

interpretation based on analysis of the video data of students’ actions and utterances, as each 

diagram was constructed. 

Table 2: Analysis of Pre-Test Results 

 NN (f, high) BD (m, 

middle) 

JN (m, high) KP (f, middle) SS (f, middle) HT (f, low) JE (m, low) 

1a.     

3 * 4 

 
  

  
 

 
 

 3 groups of 4  4 groups of 3  4 groups of 3 3 groups of 4 Representing 

two factors as 

distinct entities 

4 groups of 3 4 groups of 3 

2c.  

2/3 * 6 

 
   

 

 
 

 Distributive 

property  

6 * 2/3 = 2/3 * 

6 = 2/3 

(1+1+1+1+1+1

); 

Continuous 

whole: 2/3 of a 

circle; 

Discrete 

whole: 6 

circles;  

Part-to-whole: 

2 out of 3 parts 

Distributive 

property  

6 * 2/3 = 2/3 * 

6 = 2/3 

(1+1+1+1+1+1

); 

Continuous 

whole: 2/3 of a 

rectangle; 

Discrete 

whole: 6 

rectangles; 

Part-to-whole: 

2 out of 3 parts 

Continuous 

unit whole: 6 

trees; 

Discrete 

whole: 3 

columns; 

Part-to-whole: 

2 columns out 

of 3 

Representing 

two factors as 

distinct 

entities; 

Continuous 

whole: 2/3 of a 

circle; 

Part-to-whole: 

2 out of 3 parts 

of a circle 

Representing 

two factors as 

distinct 

entities; 

Continuous 

whole: 2/3 of a 

rectangle; 

Part-to-whole: 

2 out of 3 parts 

of a rectangle 

Representing 

two factors as 

distinct entities 

No way of 

representing a 

fraction by a 

picture 
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of a circle of a rectangle 

3e.   

2/3 * 

4/5 

       
 Distributive 

property: 

distributing 2/3 

to 4 circles; 

Continuous 

whole: 2/3 of 

each circle; 

Discrete 

whole: 5 

circles; 

Part-to-whole: 

4 circles out of 

5 and 2/3 of a 

circle 

Distributive 

property: 

distributing 2/3 

to 4 prisms; 

Continuous 

whole: 2/3 of 

each prism; 

Discrete 

whole: 5 

prisms; 

Part-to-whole: 

4 prisms out of 

5 and 2/3 of a 

prism 

Representing 

two factors as 

distinct entities 

Representing 

two factors as 

distinct 

entities; 

Continuous 

whole: 2/3 of a 

circle and 4/5 

of a circle; 

Part-to-whole: 

2 out of 3 parts 

of a circle and 

4 out of 5 parts 

of a circle 

Representing 

two factors as 

distinct 

entities; 

Continuous 

whole: 2/3 of a 

rectangle and 

4/5 of a 

rectangle; 

Part-to-whole: 

2 out of 3 parts 

of a rectangle 

and 4 out of 5 

parts of a 

rectangle 

Representing 

two factors as 

distinct entities 

No way of 

graphically 

interpreting 

2/3x4/5 

Sum. NN shows: 

1. Distributive 

property 

(integer 

multiplication); 

2. Continuous 

whole and/or 

discrete whole; 

3. Part-to-

Whole 

relationship 

BD shows: 

1. Distributive 

property 

(integer 

multiplication); 

2. Continuous 

whole and/or 

discrete whole; 

3. Part-to-

Whole 

relationship 

JN shows: 

1. Distributive 

property 

(integer 

multiplication); 

2. Continuous 

whole and/or 

discrete whole; 

3. Part-to-

Whole 

relationship; 

4. 

Representing 

factors as 

distinct entities 

KP shows: 

1. Distributive 

property 

(integer 

multiplication); 

2. Continuous 

whole and/or 

discrete whole; 

3. Part-to-

Whole 

relationship; 

4. 

Representing 

factors as 

distinct entities 

SS shows: 

1. Continuous 

whole and/or 

discrete whole; 

2. Part-to-

Whole 

relationship; 

3. 

Representing 

factors as 

distinct entities 

HT shows: 

1. Distributive 

property 

(integer 

multiplication); 

2. Continuous 

whole and/or 

discrete whole; 

3. 

Representing 

factors as 

distinct entities 

JE shows: 

1. Distributive 

property 

(integer 

multiplication); 

2. no idea of 

how to 

graphically 

represent a 

fraction, not to 

mention 

fraction 

multiplication. 

 

Armed with a set of cognitive elements as identified in Table 2 (see 1, 2, 3, 4 

descriptions), I can now revisit the proposed design to conduct a thorough investigation of its 

compatibility with students’ in-coming knowledge. Table 3, below, positions the 2NL vis-a-

vis students’ pre-test models through the lens of the set of cognitive elements. 

Table 3: Students’ In-Coming Knowledge Vis-a-Vis the Proposed 2-Number-Line Model 
Elements of Students’ In-Coming Knowledge Novel Model Built on Students’ In-Coming Knowledge 
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PW: Part-to-Whole 

 

Example: (JN, m, high) 

 
JN: part of a continuous whole: 4 trees out of a box 

of 6, or part of a discrete whole: 2 columns out of 3 

columns 

 

Example: (NN, f, high) 

 
NN: part of a discrete whole: 4 out of 5 circles 

NN: part of a continuous whole: 2/3 out of each 

circle 

 
Synoptic view                               2NL 

 

Synoptic view: 

Part of the continuous whole 1:  4/5 * 1 

Part of the new continuous whole 4/5: 2/3 * 4/5 

Part of part of a continuous whole 1: 2/3 * 4/5 * 1 

 

2NL: 

Part of the continuous whole 5: 4 

Part of the newly formed continuous whole 12: 2/3 * 12 

Part of part of a continuous whole 15: 2/3 * 4/5 * 15 

 

DE: Factors Initially Represented as Distinct Entities 

 

Example: (KP, f, middle) 

 
KP: DE 

Identity: 2/3, first circle; operation: x; identity: 4/5, 

second circle 

 
Synoptic view                               2NL 

 

Synoptic view: 

DE 

2/3 out of 4/5 

 

2NL: 

DE 

2/3 out of 12 
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DP: Distributive Property 

Example: (BD, m, middle) 

 
DP: 6 * 2/3 = 2/3 * 6 = 2/3 * (1+1+1+1+1+1)   

 

Example: (BD, m, middle) 

 
DP: 4/5 * 2/3 = 2/3 * 4/5 = 2/3 * (1/5 + 1/5 + 1/5 + 

1/5)  

 

 
Synoptic view                                 2NL 

 

Synoptic view: 

DP: none. 

 

2NL: 

DP: none. 

 

CWDW: Continuous Wholes and/or Discrete Wholes 

CW: Continuous Whole 

DW: Discrete Whole 

 

Example: (JN, m, high) 

 
JN:  

CW: rectangle or 6 trees as one whole 

DW: 3 columns 

 

Example: (NN, f, high) 

 
NN:  

CW: 2/3 of each circle 

DW: 4 circles out of 5 

 
Synoptic view                                2NL 

 

Synoptic view: 

CW: 1 

New CW: 4/5 

DW: none 

 

2NL: 

CW: 5 

New CW: 4 

Newly formed CW: 12 

DW: none 
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 Table 3, above, demonstrates that the pre-test corroborated the pilot study in terms of 

eliciting and identifying students’ topic-specific cognitive elements. The table also 

demonstrates the capacity of the 2NL to accommodate students’ in-coming cognitive 

elements. The elements of students’ in-coming knowledge were analyzed as follows: 

! PW: Part-to-Whole. Students see a fraction as a part out of a whole. 

! DE: Factors Initially Represented as Distinct Entities. Students represent the two 

multiplicative factors in the form of two distinct entities. 

! DP: Distributive Property. Students apply the distributive property of multiplication. 

! CWDW: Continuous Wholes and/or Discrete Wholes. Students fluently transition 

among different types of wholes during construction. 

The 2NL model builds on all of these elements except the distributive property, because only 

very few students initiated and successfully applied this element on the pre-test. 

Though the students’ conceptual models and the 2NL share in diagrammatic 

manifestations of the same cognitive elements, they differ in their respective scopes of 

potential meaning making for fraction multiplication. Most of the students’ models follow 

the syntax of the arithmetic operation (‘this times that’) yet do not extend beyond to display 

the semantics of the ‘times.’ The 2NL builds on students’ in-coming knowledge yet 

“assembles” these in attempt to facilitate the representation of the multiplication operations. 

To do so, the proposed model first pictures the meaning of fraction multiplication through a 

synoptic view of the 2NL and then, elaborating the synoptic view into the full two-lined 

representation, builds infrastructure that enables students to process the information and 

arrive at the solution. From the above analysis and comparison, I speculated that the 2NL is a 



Ban Tang, MACSME 2008                              FRACTION MULTIPLICATION 41 

viable potential candidate for empowering students to ground the meaning of fraction 

multiplication (see below for an evaluation of this speculation). 

Next, using the updated set of students’ conceptual elements relevant to grounding 

the meaning of fraction multiplication, I conducted a more thorough comparative evaluation 

of my proposed 2NL model and previous models with respect to their compatibility with 

these conceptual elements. The evaluation (see Table 4, below) confirmed my assumption 

that the model could constitute a viable constructivist response to most students’ in-coming 

knowledge—a response that is potentially better suited than prior models. Table 3, below, is 

an evaluative analysis of the 2NL and previous models through the lens of the set of 

cognitive elements of students’ in-coming knowledge. 

Table 4. Analysis of Previous and Proposed Models Evaluating for Accommodation of 

Middle-School Students’ In-Coming Relevant Elements of Mathematical Understanding 

Pertaining to the Meaning of Fraction Multiplication   

Model PW DP CW & DW DE 

Fuson & Kalchman’s 

length-model 

 

Yes 

(4/5 parts of unit 1; 

2/3 of each 1/5 part) 

Yes 

2/3 * 4/5 = 2/3 * 

(1/5 + 1/5 + 1/5 + 

1/5) 

Yes & Yes 

(Continuous whole: 1) 

(Discrete whole: each 

1/5) 

No 

Mack—circular area 

model  

 

Yes 

(4/5 of a circle; 2 

groups out of 3 with 

each group consisting 

of 4 pieces) 

No Yes & Yes 

(Continuous whole: 

circle) 

(Discrete whole: 3 

groups with each group 

consisting of 4 pieces) 

No 

Math Steps—

rectangular area model 

(partitioned and 

shaded in two-

direction) 

 

Yes 

(4/5 of a rectangle; 

2/3 of 4/5 parts) 

No Yes & No 

(Continuous whole: 

rectangle) 

Yes 
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Geoboard-model (e.g., 

Cramer and Bezuk) 

 

Yes 

(4/5 of a rectangle; 

2/3 of 4/5 parts) 

No Yes & No 

(Continuous whole: 

rectangle) 

Yes 

Brar AM–FM 

 

Yes 

(4/5 of a rectangle; 

2/3 of 4/5 parts) 

No Yes & No 

(Continuous whole: 

rectangle) 

Yes 

 

Synoptic view     2NL 

    

Yes 

(4/5 of 1; 2/3 of 4/5 in 

synoptic view) 

(4 out of 5 parts; 2/3 

out of 12 parts on 

2NL) 

No Yes & No 

(Continuous whole: 1 in 

the synoptic view or 5 

parts on the 2NL) 

Yes 

(multiplier operating 

on multiplicand) 

 

Table 4, above, enables me to refine my evaluation of whether and how the proposed 

model, as compared to previous models, may better accommodate students’ prior knowledge 

toward grounding the meaning of fraction multiplication. Except for the Fuson and 

Kalchman and the Mack models, all models I surveyed represent the two multiplicative 

factors as initially distinct entities (in the Fuson & Kalchman and Mack models these entities 

are nested). Apparently all the students’ conceptual models displayed such a ‘discrete 

entities’ feature (DE). Only the Fuson and Kalchman model employed the distributive 

property of multiplication (DP). This particular feature was manifest in the constructions of 

only the highest-achieving students in this study. All models incorporate the PW (part-to-

whole relationship) and the CWDW (continuous wholes and/or discrete wholes) that appear 

in all of the students’ conceptual models. Thus, the 2NL stands out as one of the viable 

potential candidates for improving students’ conceptual understanding of fraction 
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multiplication procedure. To further examine for the 2NL superior support for students in 

meaning making of fraction multiplication, I next looked into the key similarities and 

differences between the previous models and the proposed model. 

Table 5, below, will assist us in summarizing the above comparison of the previous 

and proposed models in terms of their potential to accommodate students’ in-coming 

knowledge. 

Table 5: Previous and Proposed Models  

 
 

 

 

 

 
 

  
 

Fuson & 

Kalchman’s 

length-model 

 

Mack—

circular area 

model  

 

Math Steps—

rectangular 

area model  

Geoboard- 

model (e.g., 

Cramer & 

Bezuk) 

 

Brar 

AM–FM 

 

2NL 

 

 

On the pre-test, it appears that most students do not intuitively apply the distributive 

property to construct diagrams for fraction multiplication. Only two students of advanced 

mathematical level used this property in the context of a fraction multiplication problem. The 

idea of adding an integer number of groups of objects seems natural to students (e.g., adding 

3 groups of 4), yet adding a fractional number of groups is apparently hardly conceivable 

(e.g., adding 2/3 group of 4/5). The design of the 2NL, thus, does not include the distributive 

property. Rather, the 2NL consists of the cognitive elements that all of the students, not just 

the very few gifted ones, can apply. Finally, as in the pilot study, here students displayed a 

robust inclination to represent factors as initially distinct entities. The 2NL is tuned to the 

students’ inclination, in that it requires students indeed to represent the two fractions as 



Ban Tang, MACSME 2008                              FRACTION MULTIPLICATION 44 

distinct entities. Based on the empirical findings from the pilot study and the pre-test, the 

proposed model appears to be at least as well suited—if not better suited—than previously 

proposed models to help students build on their in-coming knowledge. 

In summary, based on the above analysis, I have grounds to expect the following 

subsequent findings: 

- students will be successful in the tutoring session in building on their prior 

knowledge 

- their understanding would be deeper as compared to findings in previous studies that 

incorporated previously proposed designs 

Tutorial  

Next, I turned to analyzing the tutorial session through the lens of the identified 

cognitive elements, still vigilant for any additional elements that may emerge in the data. In 

so doing, I further refined my description of how the model helps students develop an 

understanding for the meaning of fraction multiplication. Table 6, below, analyzes students’ 

understanding and difficulty in using the 2NL through the lens of the cognitive elements of 

students’ in-coming knowledge of fraction multiplication as well as the newly identified 

elements of difficulty. 

Using the four elements of students’ in-coming knowledge, I now analyze the tutorial 

sessions to evaluate whether the design enabled students to build on these elements; whether 

the design successfully accommodated these representational elements. In analyzing 

students’ understanding and difficulty with the 2NL model, I attempted to exhaust students’ 

diagrams through the lens of the identified cognitive elements. In addition, data that did not 

comply with these codes gave rise to new categories of learning issues.  
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Table 6: Students’ Understanding and Difficulty in Using the 2NL Model Analyzed Through 

the Lens of the In-Coming Cognitive Elements for Fraction Multiplication as Well as Newly 

Identified Categories of Difficulty  

 
Student Details, With Comments on Tutorial Sequence 

T
u

to
ri

a
l 

It
em

  

NN (f, high) BD (m, 

middle) 

JN (m, high) KP (f, 

middle) 

 

SS (f, middle) 

 

HT (f, low) 

 

JE (m, low) 

 2
/3

 *
 4

/5
 

  

 

 

 

 

 

 

 
 

 

 CWDW  

PW, RP 

PW, CWDW 

RP 

PW, CWDW 

RP  

CWDW 

A, PW, SE 

(2/3 * 4) 

SE (2/3 * 4) 

ES 

PW (synoptic 

view) 

 FA, RP 

(2NL) 

 

RF (2NL), C 

  1
/3

 *
 2

/5
 

 

 

 
     

 PW, CWDW 

RP 

PW, CWDW  

RP 

PW, CWDW  

A, RP, SE 

(1/3 = ?/6) 

SE (1/3 * 2, 

1/3 * 6), 

CWDW 

PW 

 

PW, SE (1/3 * 

2)  

PMD 

PW (1/3 of 

2/5 of 1) 

A, SE (why 

1/3 * 2 and 

not 1/3 * 

2/5 ?), PW 

(2NL) 

RF 

C 

 

 4
/7

 *
 2

/3
 

        
 

 PW, CWDW 

RP 

PW, CWDW 

RP 

PW, CWDW 

RP 

PW, SE (4/7 * 

2), CWDW 

PMD 

PW (4/7 of 

2/3 of 1) on 

2NL 

PW (telling 

4/7 * 2/3 to be 

4/7 of 1 

instead of 4/7 

of 2/3 at the 

first time on 

the synoptic 

view and 

being 

corrected to 

be 4/7 of 2/3) 

A 

feeling that 

the synoptic 

view in 1/3 * 

2/5 was not 

helpful in 

finding the 

final answer, 

starting from 

the 2NL 

immediately 

without a 

synoptic view, 

PW (2NL) 

without the 

synoptic view 

C (with 

assistance), 

RF 

being 

reminded of 

using the 

relationship 

between 7 and 

14 to find the 

answer to the 

question mark 
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S
u

m
m

ar
y

 

PW, CWDW 

RP 

PW, CWDW 

RP 

PW, CWDW  

RP 

PW, CWDW 

PMD 

 

PW 

PW (due to 

forgetfulness I 

think) 

PW on a 

synoptic view 

PW on the 

2NL, SE  

C, RF 

being led step 

by step in 

order to 

complete the 

task 

Notes: The following initials represent identified cognitive elements—regular font for understanding, italicized font for 

difficulty. The same initials may indicate either understanding or difficulty. They will be employed in the main text that 

discusses this table. 

2NL: 2-Number-Line Model 

A: Aligning Multiplier Line with the Whole Which is the Multiplicand 

C: Construction of 2NL 

CWDW: Continuous Wholes and/or Discrete Wholes 

DE: Factors Initially Represented as Distinct Entities 

DP: Distributive Property 

ES: Estimation of Fractions on the Synoptic View 

FA: Final Answer is the Question Mark, Forgetting the Final Whole of the Multiplicand Number Line 

PMD: Forgetting to Partition the Multiplicand Number Line by the Denominator of the Multiplier 

PW: Part-to-Whole 

RF: Representation of Fractions 

RP: Reason for Partitioning by the Denominator of the Multiplier 

SE: Setting up Equations 

 

Table 6 above analyzes the understandings and difficulties students displayed in the 

tutorial through the lens of the elements of students’ in-coming knowledge and the newly 

discovered categories of difficulty. Students in the study gradually perceived the meaning of 

fraction multiplication as taking a part out of another part. The synoptic view played a key 

role in shaping this understanding. Interestingly, only one student (HT) questioned the 

necessity of having such a synoptic view throughout the tutorial, yet when being asked to 

give the meaning of fraction multiplication visually, she spontaneously used the synoptic 

view. It demonstrates that the synoptic view, as originally aimed to, enables students to 

reason about the meaning of fraction multiplication procedure. All students except JE 

transitioned smoothly among different wholes throughout the tutoring. Most students could 

recognize and describe, throughout their construction, the starting whole (5 on the 

multiplicand-number-line of the 2NL), the new whole (4/5 line or 4 on the multiplicand-

number-line of the 2NL), and the final whole (15 on the multiplicand-number-line of the 

2NL), all of which are continuous. The 2NL thus builds on and fully utilizes students’ 

strength of being able to skillfully deal with dynamically changing wholes. Only one student, 
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JE, had difficulty with representing fractions diagrammatically on both the pre-test and 

tutoring session but eventually, on the post-test, demonstrated his ability to illustrate fractions 

graphically using the 2NL. He paid attention to representing the fractions correctly by 

highlighting portions of each number line on the 2NL. The 2NL model thus served as a 

means of communicating the fraction-multiplication procedure to students by 

accommodating yet elaborating on the cognitive-representational elements I had identified as 

within students’ comfort zone. For most of the students, constructing and representing 

fractions as distinct entities in the 2NL seemed to be a natural action, supporting my 

conjecture that such conduct was endemic to their inclination.  

The synoptic view created a meaning for fraction multiplication yet, as expected, did 

not help students arrive at the numerical solution. Constructing the 2NL took students 

considerable time and effort, yet eventually led them to the point of meaning making of 

fraction multiplication as evidenced through students’ oral elaboration on the meaning of 

fraction multiplication in the tutoring sessions and on the post-tests.  

All students experienced difficulty in understanding the rationale of sub-partitioning 

each unit of the multiplicand number line by the denominator of the multiplier. The rationale 

of this move appears to have been too embedded in a series of actions that need to be 

explained. Students may have gained an intuitive feeling of this maneuver but could not quite 

well explain it. I myself was not sufficiently versed in explaining this fine point. Given more 

time, I am convinced I could provide better explanation for the rationale of this action. 

Moreover, students will have more time to fully internalize the reason and articulate it better. 

A few other concerns were brought to my attention upon seeing the participant 

students attempt to solve the problems during the tutoring sessions. SS tried to partition the 
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synoptic view in order to construct the fractional parts (‘eye-balling’ did not work for her). In 

addition, she confused between 2/3 * 4/5 and 2/3 * 4, as she could not distinguish between 

the 4/5 line from the 4 parts (out of the total of 5 parts), which were the same. 

Post-Test 

I shall now analyze through the lens of students’ in-coming knowledge, students’ 

understandings and difficulties that were manifest on the post-test. In this analysis of the 

third of three intervention stages, my objective is to demonstrate and explain how the 

materials, activity, and facilitation shaped for the students a meaning for fraction 

multiplication that was based on their in-coming knowledge. Table 7 analyzes the 

mathematical representations students created so as to identify understandings and 

difficulties through the lens of the set of elements of students’ in-coming knowledge, 

including the categories of difficulty newly identified through examining the tutorial data. 

Table 7: Post-Test Constructions 

 NN (f, high) BD (m, 

middle)  

JN (m, high) KP (f, 

middle)  

SS (f, 

middle) 

HT (f, low) JE (m, low) 

2
/3

 *
 4

/5
 

    
 

  

 DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

A, RP 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, CWDW 

PW, RF, C, 

RP 

 N
N

: 
3

/4
 *

 1
/5

 

 R
e
st

: 
3

/5
 *

 2
/3

 

  

 

 

 

 

 

 

 

 

 
 

 

 DE, CWDW 

PW, RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, PW, 

CWDW 

RP 
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N
N

: 
5

/6
 *

 1
/3

 

R
es

t:
 5

/7
 *

 2
/3

 

  

  
 

 

 

 

 
  

 DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, PW, 

CWDW 

RP 

N
N

: 
1

/2
 *

 1
/3

 *
 

2
/3

 

R
es

t:
 3

/4
 *

 2
/5

 *
 

4
/7

 

 

 

 

 

 

 

 

 

 

 

  

 

 DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, PW, 

CWDW 

RP 

S
u

m
m

ar
y

 DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, PW, 

CWDW 

RP (did not 

mention) 

DE, PW, 

CWDW 

RP 

Notes: The following initials represent identified cognitive elements—regular font for understanding, italicized font for 

difficulty. The same initials may indicate either understanding or difference. They will be employed in the main text that 

discusses this table. 

2NL: 2-Number-Line Model 

A: Aligning Multiplier Line with the Whole Which is the Multiplicand 

C: Construction of 2NL 

CWDW: Continuous Wholes and/or Discrete Wholes 

DE: Factors Initially Represented as Distinct Entities 

DP: Distributive Property 

ES: Estimation of Fractions on the Synoptic View 

FA: Final Answer is the Question Mark, Forgetting the Final Whole of the Multiplicand Number Line 

PMD: Forgetting to Partition the Multiplicand Number Line by the Denominator of the Multiplier 

PW: Part-to-Whole 

RF: Representation of Fractions 

RP: Reason for Partitioning by the Denominator of the Multiplier 

SE: Setting up Equations 

Note: The last three items for NN were different from those for the rest of the students. All 

of them addressed the special cases in which at least one of the fractions had a numerator of 

1. Immediately noticing this fact, I adjusted the items for the rest of the students. 

 

Table 7 above identifies students’ understandings and difficulties through the 

cumulative lenses of the four cognitive elements of their in-coming knowledge and the newly 

identified categories of difficulty from the tutorial. Close analysis of the video data in 

conjunction with students’ constructions reveals the following points:  
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! The synoptic view helped the students understand the part-to-part-to-whole 

relationship between two distinct entities. 

! Students, on most of the problems, identified the various wholes.  

! Representing factors as distinct entities seemed a natural inclination. The “extra 

ingredient” of the 2NL model, namely demonstrating diagrammatically (not only 

symbolically) the actual nature of the multiplicative relationship between two 

entities, enabled the students to ground the meaning of multiplication in the 

specific case of proper fractions.  

! Students’ solutions for the last three-fraction item demonstrate that students were 

generally successful in applying the 2NL model to a new type of problem. I 

observed two spontaneous strategies: 

o some students built a connection between the first and third factors by 

using the middle fraction as a medium. They drew three vertical lines, 

one for each fraction, and then associated any two of the three lines 

and used the 2NL for figuring out the solution.  

o some students figured out an answer to the multiplication of the last 

two fractions by using the 2NL and then constructed a second 2NL for 

multiplying the first fraction with the derived answer so as to 

determine the answer to the three-fraction multiplication problem.  

! Students continued to struggle with the reason for partitioning the multiplicand 

number line by the denominator of the multiplier. The rationale requires of the 

instructor a substantial amount of internalization so as to coherently elaborate on 

the details. I myself, though I was the co-author of this design, might not have 
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been sufficiently skillful in explaining it at the time of conducting this 

experiment. Given further practice, I am convinced that I will be able to provide 

better instruction, so that students, too, will be able to internalize the meaning 

and, by doing so, better remember the sequence of actions that ground the 

meaning of the fraction-multiplication numerical solution procedure. 

In the following section, I summarize the findings from the entire study and evaluate 

the proposed design. 

Summary of the Findings and Evaluation of the Design 

Summary of the Findings. The pre-test and pilot study both show that students have 

difficulty interpreting the meaning of fraction multiplication albeit being fluent in arriving at 

a numerical solution. Data from the pre-test and pilot study converge in demonstrating 

students’ understandings and difficulties, which I have analyzed as four cognitive elements 

(representational schemes or semiotic means) of students’ in-coming knowledge. These are 

part-to-whole relationship, distributive property, factors initially represented as distinct 

entities, and continuous wholes and/or discrete whole. My proposed model was designed to 

respond to these elements, so I thus assumed that the model would constitute a potential 

candidate for supporting students in developing understanding of fraction multiplication. 

Further analysis and comparison of how previous designs and the proposed model 

accommodate the cognitive elements of students’ in-coming knowledge confirm that the 

proposed model, if not better than the other designs, at the very least would suit students’ 

needs in developing an understanding of fraction multiplication. In the tutoring sessions, 

students learned to use the 2NL to ground meaning of fraction multiplication. New categories 

of student difficulty emerged from the tutoring sessions. The proposed model, in essence, 
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tries to help the students create an association of the two distinct factors in a way that extends 

students’ part-to-whole understanding as a part-to-part-to-whole operative association. 

Throughout the tutoring sessions and the post-test, most of the students distinguished the 

different wholes at various times and successfully navigated the several part-to-whole 

relationships. Most students experienced difficulty in reasoning about partitioning the 

multiplicand number line by the denominator of the multiplier, and they had the same 

difficulty on the post-test. 

Evaluation of the Design. With regards to the design’s strengths, the synoptic view of 

the proposed 2NL model enables students to initially capture the meaning of fraction 

multiplication, whereas the detailed 2NL model subsequently enables to decompose and 

quantify the synoptic view and leads to a numerical solution through a series of construction 

steps.  

The design of the 2NL model incorporates mappings between the diagrammatic and 

symbolical solution procedures (multiplying numerator by numerator and multiplying 

denominator by denominator) to help students visualize the meaning of the solution 

procedures. I have interpolated within the teacher guide storyboard (see Appendix E and 

Appendix F) detailed instructions on how to indicate to students key features of the 

inscriptions, so that in my and others’ future implementations, students will have a better 

opportunity to discern, appreciate, and practice the diagrammatical-symbolical mapping. 

Moreover, though the study addresses the issue of meaning making of fraction 

multiplication only in the case of proper fractions, the design can certainly be extended to 

improper fraction multiplication.  
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With regards to the design’s limitations, the design demands learning a new model. In 

addition, since people interpret meanings and procedures differently, in order to evaluate the 

efficacy of the design, I would need to guide and then observe a different teacher enacting 

the experiment so as to identify any shortcomings in my teacher-guide written and movie-

based documents. Thus, the design and/or the facilitation of the lessons require further 

examination. In particular, I wish to build a stronger explanatory model for the partitioning of 

the multiplicand number line. This model would then be incorporated into the teaching 

material.  

Conclusion 

Students come to schools to learn different academic topics covered in their textbooks. 

The knowledge to be acquired should address both the procedural aspect and the conceptual 

aspect. Rote learning of procedures may be highly effective under particular assessment 

circumstances, but without a solid foundation of understanding one cannot become a critical 

or generative thinker. A “procedural view” of mathematics and science is too simplistic and 

in any case unempowered. By such a view, one needs only to follow a set of actions without 

having to think about them, not to mention to think about what one thinks. Notwithstanding 

the paramount importance of developing procedural fluency, such fluency that is not 

grounded in previous understandings proves delimited in its generativity. Above all, the 

purpose of the study was not just to afford students a tool for ’connecting to’ fraction 

multiplication but also, hopefully, to encourage students to appreciate the value of learning 

experiences that enable such meaning making. 

Students participating in the study came in initially with some knowledge of the 

topic—fraction multiplication. Indeed, participant students all initially excelled at reaching 
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an answer to the arithmetic operation of fraction multiplication by following the rule of the 

arithmetic operation yet demonstrated a lack of understanding for the meaning of this 

procedure. Through analysis, I have determined that despite their fluency in numerically 

carrying out the solution, students’ learning needs lie in the aspect of meaning making of this 

arithmetic operation. Therefore, my design, the 2-number-line model of fraction 

multiplication, was created with the intent of enabling students to make meaning of this 

arithmetic operation. To do so, I determined the apparent cognitive elements that go into 

students’ representations of fractions, multiplication, and fraction multiplication, and I built a 

model that was attuned to these elements yet helped students develop beyond these elements 

by integrating them into a new composition.  

Accordingly, the tutorials had students struggle through the construction of the 2NL 

model that helped them build meaning for fraction multiplication. Students could indeed 

build such meaning, probably because the proposed model is empirically tuned to the 

cognitive elements of middle-school students’ in-coming knowledge of fractions, 

multiplication, and fraction multiplication. The design appears to have helped all students 

develop at least a synoptic image for the meaning of fraction multiplication as part-of-part-

of-whole. Moreover, many of the students gradually grasped the 2-number-line basis for the 

procedure of fraction multiplication. After learning the 2NL and working through the post-

test, students eventually made sense of and apparently most of the students internalized the 

meaning of the arithmetic operation. Learning is not just doing by following procedures; 

learning is about thinking, meaning making, and practice. Such repeated experiences of 

meaning making, while helping students construct content knowledge, may positively also 

affect students’ disposition toward mathematics. 
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Personal Reflection 

 As a secondary mathematics student–teacher, I have witnessed the depth of the gulf 

between students’ conceptual and procedural knowledge of arithmetic. Oftentimes, students 

demonstrate that they know the what but not the why or the how of mathematics. That is, 

students often cannot warrant the logic underlying the arithmetic they are executing, even if 

they are executing it immaculately. To develop a meaningful learning experience, students 

need to see how the procedures they have learned relate to what they already know. Better, 

they should learn the procedures as emanating from what they know. As is known to all, the 

habit of learning varies in individual students. Student JN, one of the participants, focused 

more on understanding the why’s and how’s in learning and using the new model for solving 

fraction multiplication problems. His style of reasoning might be characterized as high-order. 

Student HT, on the other hand, paid more attention to getting the correct answers to each of 

the problems on the tutoring and post-test worksheets by following a set of steps. She 

appeared to value less an understanding of the meaning of fraction multiplication, 

demonstrating an inclination for lower-order-thinking. Whereas I respect both students’ 

attitudes toward learning, yet we might hope to foster the higher-order-thinking with which 

all students will have greater chances of becoming critical thinkers in learning. 
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Appendix A–Pilot Study Worksheet Problems 

Please explain in words and draw pictures to show how you have solved the following 

problems step by step.  

1. 1/3 * 6 (fraction times integer) 

 

 

 

 

 

 

  

2. 1/2 * 1/4 (fractions with 1 as numerator) 

 

 

 

 

 

 

 

3. 2/3 * 4/5 (general fractions) 
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Appendix B – Pre-test Worksheet Problems 

Please solve the following multiplication problems. 

A. Integer * Integer 

a. 6 x 7 

b. 5 x 5 

c. 3 x 4 

d. 8 x 6 

e. 4 x 9  

B. Fraction x Integer or Integer x Fraction 

a. 2/3  x 6 

b. 12 x 3/4 

c. 15 x 4/5 

d. 6/7 x 14 

e. 8 x 1/2 

C. Fraction x Fraction 

a. 2/5 x 6/7 

b. 4/7 x 5/9 

c. 3/5 x 7/8 

d. 5/7 x 2/7 

e. 2/3 x 4/5 
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Appendix X – pre-selected problems from Pre-test Worksheet Problems 

 Please explain in detail how you have solved the following problems. You can use any 

method you can think of (stories, pictures, etc). 

A. 3 x 4 

 

 

 

 

 

 

B. 6 x 2/3 

 

 

 

 

 

C. 2/3 x 4/5 
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Appendix C – Tutoring Study Problems 

Please explain in detail how you have solved the following problems. You can use any 

method you can think of (pictures, stories, etc). 

a. 2/3 x 4/5  

 

 

 

 

 

 

b. 1/3 x 2/5  

 

 

 

 

 

c. 4/7 x 2/3 
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Appendix D – Post-Test Study Problems 

Please explain in detail how you have solved the following problems. You can use any 

method you can think of (stories, pictures, etc). 

a. 2/3 x 4/5 

 

 

 

b.  3/4 x 1/5  

 

 

 

c.   5/6 x 1/4 

 

 

 

d.   1/2 x 1/3 x 2/3 
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Appendix E – Construction of Synoptic View of 2NL 

         2/3 x 4/5 

 

            2/3 x 4/5 

 

          2/3 x 4/5 

 
Let’s draw a line as our starting 

point. 

Let’s label the line “1” and “0”. In 

2/3 x 4/5 (x1), we start with 1 as 

our whole. 

Now we will take a look at 4/5 x 1 

from 2/3 x 4/5 (x1). It means we 

take 4/5 of the whole line. Let’s 

estimate 4/5 and mark the location. 

             2/3 x 4/5 

 

          2/3 x 4/5 

 

      2/3 x 4/5 

 
So 4/5 x 1 means we take 4/5 of 1 

(see the bracketed part which 

means we take a part of the whole 

line). 

Let’s label 4/5 to indicate that we 

take 4/5 out of the whole line. 

Now we take a look at 2/3 x 4/5 

(x1). It means we take 2/3 out of 

4/5 out of the whole line. So let’s 

estimate 2/3 of 4/5 and mark the 

location on the line. 

       2/3 x 4/5 

 

          2/3 x 4/5 

 

 

Let’s bracket the piece to show 

that we take a part out of 4/5 out of 

the line. 

Now we write 2/3 next to the 

bracket to indicate that we take 2/3 

out of 4/5 out of the whole line. 
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Appendix F – Construction of 2NL 

   2/3 x 4/5 

 

           2/3 x 4/5 

 

          2/3 x 4/5 

 

Let’s draw a line as our starting 

point. 

We will start with 4/5 (taking 4 

parts out of 5). Let’s label “0” and 

“5” where 5 is the whole. 

Let’s partition the whole into 5 

pieces to indicate that we have 5 

parts as a whole. 

          2/3 x 4/5 

  

         2/3 x 4/5 

 

  2/3          x         4/5 

 
Label the remaining marks from 

“1” to “4”. 

Since 4/5 means taking 4 out of 5 

parts. Let’s highlight from 0 to 4 to 

indicate 4 parts. 

Now let’s look at 2/3. 2/3 x 4/5 

means taking 2/3 out of 4/5. So 4/5 

will be the part that we will take 

2/3 out of. Let’s build a multiplier 

number line to the left of the 

multiplier number line equal in 

height to the highlighted 4/5 line. 

    2/3        x       4/5 

 

     2/3         x        4/5 

 

     2/3         x          4/5 

 
The multiplier, 2/3, means taking 2 

out of 3 parts. Let’s label “0” and 

“3” where 3 is the whole. 

Since we take 2 out of 3 parts. We 

need to partition the multiplier 

number line into three equal parts. 

Let’s label the remaining marks as 

“1” and “2”. 

 



Ban Tang, MACSME 2008                              FRACTION MULTIPLICATION 66 

   

     2/3          x         4/5 

 

 

 

     2/3         x           4/5 

 

     2/3         x           4/5 

 

Let’s highlight from “0” to “2” to 

indicate that we take 2 parts out of 

3 on the multiplier number line. 

2/3 x 4/5 means we take 2/3 out of 

4/5. Let’s draw an arrow from 2 to 

a location on the multiplicand 

number line to show that we take 

2/3 out of the 4/5 line. Let’s write 

a mark to indicate the location. 

Since we do not know what the 

numerical answer to the mark is, 

let’s put a question mark next to 

the mark. It looks like the answer 

to the question mark is between 2 

and 3, which might be a decimal or 

fraction. 

     2/3        x            4/5 

 

     2/3         x           4/5 

 

 

We want to confine the value of 

the question mark to be an integer. 

Taking 2/3 out of 4 highlighted 

parts will result in a non-integer 

answer. If we can multiply 2/3 by 

a number that is a multiple of 3, 

then 2/3 times that number will 

give us an integer. For 2/3 x 4, we 

can make the 4 to be 12 so that 2/3 

x 12 will be an integer. That means 

we will change 2/3 x 4/5 to be 2/3 

x 12/15 which is possible. We can 

multiply 2/3 x 4/5 by 3/3 which is 

a giant 1 and does not change the 

answer to 2/3 x 4/5. Thus we need 

to partition each of the 5 parts of 

the multiplicand number line into 3 

equal pieces. 

Let’s re-label the multiplicand 

number line. It goes from 0 to 15. 

Now how can we figure out the 

answer to the question mark? Let’s 

take a look at the two aligned 

lines. Three on the multiplier 

number line corresponds to 12 on 

the multiplicand number line. (3 

goes into 12 four times.) Similarly, 

2 goes into the question mark four 

times. Therefore, the answer to the 

question mark is 8. Now let’s see 

what we are taking out of what. 

We see that we are taking a total of 

8 pieces out of a total of 15 on the 

multiplicand number line. 

Therefore, the final answer to the 

operation 2/3 x 4/5 is 8/15. 

 

 


